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Abstract

In graph theory, different types of matrices associated with graph, e.g. Adjacency
matrix, Incidence matrix, Laplacian matrix etc. Among all adjacency matrix play an
important role in graph theory. Many products of two graphs as well as its generalized form
had been studied, e.g., cartesian product, 2—cartesian product, tensor product, 2—tensor
product etc. In this paper, we discuss the adjacency matrix of two new product of graphs
GYHH | where "M = ®2, X2. Also, we obtain the spectrum of these products of graphs.
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1 Introduction

Graph theory, no doubt, is the fast growing area of combinatory. Because of its inherent
simplicity. Graph theory has a wide range of applications in Computer Science, Sociology,
bio-informatics, medicines etc. There are different type of product of graphs e.g., cartesian
product, tensor product etc. defined in graph theory. There are many matrices associated with
graphs like adjacency matrix, incidence matrix, Laplacian matrix etc. One of them is adjacency
matrix. It is well- known that these product operation on graphs and product of adjacency
matrices are related ([6], [9]).

We have generalized well-known two products, cartesian product and tensor product with
the help of concept of distance. In this direction, we have defined 2—cartesian product G xo H
and 2—tensor product G ®2 H of graphs G and H ([1], [2], [3]).

Let G = (V(G), E(@)) be a finite and simple graph. For a connected graph G, dg(u,v’) is
the length of the shortest path between u and u' in G. A graph is r—regular if every vertex
of G has degree r. For the basic terminology, concepts and results of graph theory, we refer to

(5, [8])-

The Kronecker product A ® B of two matrices A and B has been defined and discussed in [6]

R. Buyya, R. Ranjan, S. Dutta Roy, M. Raval, M. Zaveri, H. Patel, A. Ganatra, D.G. Thakore, T.A. Desali,
Z.H. Shah, N.M. Patel, M.E. Shimpi, R.B. Gandhi, J.M. Rathod, B.C. Goradiya, M.S. Holia and D.K.
Patel (eds.), ICRISET2017 (Kalpa Publications in Computing, vol. 2), pp. 158-165
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Definition 1.1 Let A = [a;;] and B = [b;;] be in M, x»(IR). Then the Kronecker product
of A and B, denoted by A ® B is defined as the partitioned matrix [a;;B],

CLllB CL12B tee CLlnB

CLQlB CLQQB cee CLQnB
A® B =la;;B] = ) ) . )

amlB amZB e amnB

Note that it has mn blocks, where ij*" block is the block matrix a;; B of order m x n.
Let X = [z1,29,...,7,]7 and Y = [y1,¥2,...,yn]” be column vectors. Then by definition
of the kronecker product, we have

X®Y:[x1Y oY ... x,Y }T:[:vlyl cee T1Ym cee TpY1 e xnym}T

Definition 1.2 [6] Let A = [a;;] and B = [b;;] be in My, x»(IR). Then the Kronecker sum of A
and B, denoted by At B and defined as A B = (A® I,,) + (I, ® B).

Definition 1.3 [9] Let G = (V, E) be a simple graph with the vertex set {u1, ug,...u,}. Then
the adjacency matrix A(G) = [a;;] is defined as follows:

s o 1; ifdg(ui,’u]‘)zl
. 0; otherwise.

Then A(G) is a real, square symmetric matrix.

Next, we recall the definitions of 2—tensor product and 2—cartesian product of graphs as
follows:

Definition 1.4 [2] Let G = (U, Ey) and H = (V, E2) be two connected graphs. The 2—tensor
product G ®3 H of G and H is the graph with vertex set U x V and two vertices (u,v) and
(u',v") in V(G ®2 H) are adjacent in 2—tensor product if dg(u, ') = 2 and dg(v,v") = 2.

Note that if dg(u,u’) = 1 = dg(v,v"), then it is the usual tensor product G ® H of G and H.
Definition 1.5 [3] Let G = (U, E1) and H = (V, E3) be two connected graphs. The 2—cartesian

product G X3 H of G and H is the graph with vertex set U x V and two vertices (u,v) and
(v',v") in V(G x2 H) are adjacent if one of the following conditions is satisfied:

(i) de(u, ') = 2 and dg(v,v') =0,
(ii) de(u,u’) =0 and dg(v,v") = 2.

Note that in the above condition (i) and condition (ii), 2 replace by 1, then it is the usual
cartesian product G x H of G and H.

It is clear that the definition of A(G) is in terms of adjacent vertices, i.e., vertices at distance 1.
For the graphs G'HH, we use 2—distance between vertices. So, we require to consider the second
stage adjacency matrix.
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Definition 1.6 [4] Let G = (V, E) be a simple graph with the vertex set {u1,uz,...u,}.
The second stage adjacency matrix As(G) = [a;;] is defined as follows:

o 1;  ifda(us,u;) =2
Gij = 0; otherwise.

Note that A3(G) is a real, square symmetric matrix.

2 Adjacency matrix of G« H

In this section, we discuss adjacency matrix of G ®2 H and G xo H of graphs G and H.

Adjacency matrix of usual tensor product and cartesian product of graphs can be obtained
as follows.

Proposition 2.1 [9] Let G and H be simple graphs with n and m vertices respectively. Then
(i) A Ge H)=A(G)® A(H).
(i) A(Gx H)=(AG) ®@In)+ I, ® A(H)).
Next, we prove the result similar to Proposition 2.1 for G ®2 H and G x9 H.

Proposition 2.2 Let G and H be connected graphs with n and m vertices respectively. Then
A(G®2 H) = A2(G) ® Ay(H)

. Proof: Let V(G) = {u1,us2,...,u,} and V(H) = {v1,v2,...,0m}.

Ay Ay oo Ay - Ap
Let A(G X9 H) = A, A - A -+ A,
Anl An2 T Ans o Ann
Where
(us,v1) (us, v2) cee (s, Vim)
(ur, 1) Py Pyp e P
Ar,s = . . . .
(ur, vm) Pml Pm2 e Pmm

Suppose dg(ur, us) # 2, then A, is a zero matrix of order m x m. Suppose dg(u,, us) = 2,
then

P. .
" 0; otherwise.

{ 1; if dg(vi,v5) =2
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Thus, in this case, P;; = (i) entry of Az(H). So,

W {AQ(H); if de(up, us) =2

0; otherwise.

Now let AQ(G) = [blﬂ] and AQ(H) = [Cij] Then

nxn mxm’

bllAg(H) s blnAg(H)

Ay(G) ® Ax(H) = : : -

So, (ij)" block of As(G) ® Ag(H) is the block matrix b;; A>(H) of order m x m. Then the

block matrix

[bijAz(H)]

Osnxm; otherwise.

{ Ag(H);  if bij =1, e, da(ui,u;) =2

= [Ay]
Therefore, [b;; A2(H)] = (i) block of A(G @2 H). So, A(G ®2 H) = A2(G) @ Aa(H).

Proposition 2.3 Let G and H be connected graphs with n and m vertices respectively.
Then A(G x3 H) = [A2(G) @ I,] + [I, ® A2 (H)).

Proof: Suppose V(G) = {u1,uz,...,un} and V(H) = {v1,v2,...,v,}. Then consider
A(G x9 H) and A, same as given in Proposition 2.2.

1, iof du(vi,vj) =2

Suppose dG(ur,us) =0. Then Py = { 0; ;J)Z dggz ng # 2
) Y]
Suppose dg(ur,us) = 2. Then Py = { (1)7 z:; 77: ; ;

Also, suppose dg(ur,us) # 0 or 2. Then A, ; is a zero matrix of order m x m. Thus,

A2(H); lf dG(uraus) =0
Ars = Im; Zf dG(uraus) =2
Omxm; otherwise.
1\16)(t7 AQ(G) = [bij]nxn and AQ(H) = [Cij]mxm- Then
bi1lym  bi2lym -+ bindp
A Q)@ I, = ; : L :
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So, (i)"block of A2 (G) ® I, = [bij1,,,] and

Im; if bij = 1,i.e.,dg(ui,uj) =2
Osnxm; otherwise.

[bijIm] = {

In particular b;; 1, = Opxm-

A(H) 0 --- 0
Loed(H)=| @ 1
0 0 -+ Ax(H)
Therefore (ij)!" block of I,, ® As(H) is as follows:

As(H); ifi=j

O.nxm; oOtherwise.

I, ® AQ(H) = {
Suppose (i5)!" block of [A3(G) ® I,,] ® [I, ® As(H)] = B. Then
AQ(H); ZZ_], i.e.,dg(ui,uj):

B = Im; ) 75 ] with dg(’ui,’u]')
Onxm; Otherwise.

N O

Therefore (i5)*" block of [A2(G) @ L] + [I, ® Aa(H)] = (ij)" block of A(G x2 H). Thus,
[A2(G) @ L] + [In ® A2(H)] = A(G x2 H).

3 Spectrum of G« H
In this section, first we recall the spectrum of the graph G. We discuss the spectrum of
product graphs in terms of spectrum of factor graphs.

Definition 3.1 [5] For a matrix A € M,,x,(R), a number X is an eigenvalue if for some vector
X #0, AX = AX. The vector X is called an eigenvector corresponding to A. The set of all
eigenvalues is the Spectrum of A, and it is denoted by Spec(A), i.e.,
Spec(A) = {AeC: |\ - Al =0}

Note that the eigenvalue of G is the eigenvalue of its adjacency matrix A(G) and the spec-
trum of G is denoted by Spec(A(G)).

The following result is known in the usual tensor product A ® B of matrices A and B as
well as in usual tensor product G ® H of graphs G and H.

Proposition 3.2 [9]
(i) Let A and B be two square matrices. Spec(A® B) = {\ p: A € Spec(A), p € Spec(B)}.

(ii) If G and H are two graphs with n and m vertices respectively, then,
Spec(A(G @ H)) = {Ap: X € Spec(A(G)), u € Spec(A(H))}.

Using Proposition 3.2(i), we get result similar to (ii) for G ®2 H.
Proposition 3.3 Let G and H be two graphs with n and m vertices respectively. Then,

Spec(A(G @2 H)) = {\ p: A € Spec(A2(Q)), u € Spec(Az(H))}.
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Proof: Let A € Spec(A(G)) and p € Spec(A(H)). Let X = [x1,z2,...,2,]7 and
Y = [y1,%2,---,ym]T be eigenvectors corresponding to eigenvalues A and i of Ax(G) and Ax(H)
respectively. So, A2(G)X = AX and A2(H)Y = pY. Using kronecker product, we have
(A2(G)X) @ (A2(H)Y) = (AX) @ (1Y).

Therefore (A2(G) @ (A2(H)(X QYY) =Ap(X ®Y).
By Proposition 2.2, we get A(G®: H)(X ®Y) =A u(X ®Y).

Thus A p is an eigenvalue with X ® Y as an eigenvector of A(G ®2 H).
The following result is known in the usual cartesian product G x H of graphs.

Proposition 3.4 [9]
(i) Let A and B be two matrices. Spec(A 1 B) = {\ + u: X € Spec(A), u € Spec(B)}.

(ii) If G and H are two graphs with n and m vertices respectively, then,
Spec(A(G x H)) = {A+ p: X € Spec(A(Q)), p € Spec(A(H))}.

Using Proposition 3.4 (i), we get result similar to (ii) for G x4 H.

Proposition 3.5 Let G and G be two graphs with n and m vertices respectively. Then,
Spec(A(G x9 H)) = Spec(A3(G)) + Spec(A2(H)).
Proof: Let A € Spec(A2(G)) and p € Spec(Az(H)). Let X = [z1,29,...,2,]T and
Y = [y1,¥2,---,Ym]’ be eigenvectors corresponding to eigenvalues A and p of A(G) and Ay (H)
respectively. So, A2(G)X = AX and A3(H)Y = pY. Using kronecker sum, by Proposition 2.3,
we have A2(G) t A2(H) = [A2(G) @ Ip,] + [I, ® A2(H)] = A(G x2 H). Therefore
AGxs H) (X QY)={[A20G) @ I,] + [In @ A2 (H)|} (X ®Y)
=[AG) X @1, Y]+ I, X ® A (H) Y]
=\ XL, Y|+[l, X®uY)]
=\ +pXeY).
Thus A + p is an eigenvalue with X ® Y as an eigenvector of A(G ®2 H).

4 spectrum of G H in terms of A(G) and A(H)

In this section, we find the relation between A3(G) and A?(G), where A?(G) is A(G)A(G),
usual matrix multiplication of A(G) with A(G).

The degree diagonal matrix D(G) is defined as follows:
Definition 4.12 [9] Let G = (V, E) be a graph with vertex set {u1,ug,...,u,}. Then the
degree diagonal matrix D(G) = [d;j]nxn is defined as

dij = deg(u;)dij = { deg(u); ifi=)

Omxm;  otherwise.
Proposition 4.2 Let G be a simple connected, triangle free and square free graph. Then
A2(G) = A*(G) - D(G)

Proof: Let G be a graph with vertex set {ui,us,...,u,}. Now, A%(G) = [c;;], where
Cij = Y opy Qik Gky3 1 < 0,5 < n.
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Suppose i # j. If ¢;; # 0, then for some values of k, a;; and ay; both are non zero, i.e., u;
is adjacent to uj and uy is adjacent to u; in G.

Next, if u; > ui and uy, <> u;, then u; can not be adjacent with u; in G, as G is a triangle
free graph. So, u; — ux — u; gives dg(u;, u;) = 2.

Since G is a square free graph, there is a unique path between u; and u; of length 2. So,
for at most one k, a;; and ay; both are non zero. Thus ¢;; = 1, if dg(ui, u;) = 2 and ¢;; = 0,
otherwise. Also, it is known that ¢;; = deg(u;) = d;;. Thus, A2(G) = A%(G) — D(G).

Note that A3(G) is a real symmetric binary matrix.

Remarks 4.3

(i) Let G be connected but not a triangular free graph. Suppose u; — ur — u; — u; is a
triangle in G, Then dg(ui, ur) = 1 = dg(ug, u;). So, (i) entry of A%(G) is 1 but (ij)™
entry of A3(G) is 0, as dg(u;, u;) # 2. Therefore A2(G) # A%(G) — D(G).

(ii) If G is connected but not a square free graph, then there may be more than one path
between two vertices, say u; and u; of length two. Then (ij)*" entry of A?(G) is 2 but
(i7)t" entry of A3(G) is 1. So, A2(G) # A%(G) — D(G).

Corollary 4.4 If G ia a k— regular graph, triangular free and square free graph with n vertices,
then A3(G) = A%(GQ) — kI,,. Consequently, Spec(A2(G)) = {\2 —k : X € Spec(A(G))}.
For example, if G = C,,, n > 5, then A5(C,,) = A%(C,,) — 21,.

In next discussion we fix both the graphs G and H connected, triangular free and square
free graphs with n and m vertices respectively.

Proposition 4.5 Let G and H be connected graphs.
(i) A(Ge2H)=[A*(G)® A*(H)| - [A*(G) © D(H)] ~ [D(G) ® A*(H)] +[D(G) ® D(H)).
(i) A(G x2 H) = [A%(G) ® I,,] — [D(G) ® I,,] + [I, ® A*(H)| — [I,, ® D(H)).

Proof: By Proposition 4.2, A5(G) = A2(GQ) — D(G) and Ay(H

(

(i) By Proposition 2.2, we have A(G ®2 H) = A2(G) ® AQ(
A(G @2 H) = A2(G) ® Aa(H) = [A ( ) — D(G)] @ [A*(H ( )]
= [4%(G) ® A%(H)] - [4%(G) ® D(H)] - [D(G) ® A*(H)] +[D(G) © D(H)].

(ii) By Proposition 2.3, A(Gx2H) = [A2(G) & Iy|+[I, ® Az(H)]. Then by similar arguments
as given in case (i), we get the result.

) = A%(H) — D(H).
)- So,
) —

Finally, we obtained the spectrum of A(G "X H) in terms of SpecA(G) and SpecA(H). The

following result is known in matrix theory.

Theorem 4.6 Let G be k—regular and H be s—regular connected graphs with n and m vertices
respectively. Then

Spec(A(G ®9 H)) = {(A\* — k) (u* — s) : X € Spec(A(G))and pu € Spec(A(H))}.

Proof: Let G and H be regular graphs of n, m vertices with regularity k¥ and s respectively. In
addition let X be an eigenvector corresponding to eigenvalue A of G and Y be an eigenvector
corresponding to eigenvalue u of H. So, A(G)X = AX and A(H) = pY. Also D(G) = kI, and
D(H) = sl,.
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From Proposition 4.5, we have A(G®2: H) (X ®Y)
= [A2(G)®A*(H)] (X Y) - [A2(G)@ D(H)| (X ®Y) - [D(G) ® A2(H)| (X ®Y)

+[D(G)@DH)(XRY)
= [A(G)X @ A2(H)Y] — [A(G)X @ D(H)Y]| — [D(G)X ® A*(H)Y] +[D(G)X ® D(H)Y]
NX @pY] = [NMX @slnY]| — [k, X @ p?Y]| + [k, X @ sI,,Y]
NX@pPY] — [P X@sY] - [kX@p°Y] +[kX @sY]
=[NP (XeY) = [Ns](X®Y)— [k?] (X ®Y)+[ks] (X®Y)
=[N = Ns—kpl+ks](X®Y)
= [0 =) (42— )] (X @ Y).
Thus, Spec(A(G @2 H)) = {(A\? — k)(u? — s) : X € Spec(A(G)) and p € Spec(A(H))}.
Proposition 4.7 Let G and H be k—regular and H be s—regular connected graphs of n, m
vertices respectively. Then

Spec(A(G x3 H)) = {(A\> — k) + (u®> — s) : X € Spec(A(G)),n € Spec(A(H))}.

Proof: We continue the notations of Theorem 4.8. Also using Proposition 4.6, we have
AG X2 H) (X ®Y) ={[A%(G) @ I)] + [I, ® A*(H)] — [D(G) ® Iy] — [I, ® D(H)]} (X ®Y)

= [A%(G) X@I, Y]+[I, X®@A?(H) Y- [D(G)X®L,Y]|-[[,X®D(H)Y]
=NXRL, Y|+ [, X®pY]-kXQY] - [X @sY]

= (N =k)+ (n* —s))(X @ Y).
Thus, Spec(A(G x2 H)) = {(A\? — k) + (4* — 5) : X € Spec(A(Q)), u € Spec(A(H))}.
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