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l. INTRODUCTION

In direct problems of theory of partial
differential equations or in mathematical physics
problems the functions that describe various physical
phenomena as propagation of heat, sound, various
vibrations, electromagnetic waves, etc. are sought.
This time, the features of the medium under
consideration or coefficients of equations are assumed
to be known. However, just the features of medium in
great majority of cases are unknown. Then there arise
inverse problems in which on the information on the
solution of the direct problem it is required to
determine the coefficients of equations. As is known,
these problems in many cases are ill-posed. But, at the
same time, the desired coefficients of the equations
characterize the medium under consideration.
Therefore, solving inverse problems is very important
both from a practical and theoretical point of view [1, 2,
3,8,9].

1. PROBLEM STATEMENT

Let {2 —be a bounded domain in the space R"
with a smooth boundary

I, T >0—be a given number,

Q={(xt):xeQ,te(0,T)—beacylinderin R",

S={(x,t):xel,te(0,T)}~be a lateral surface of the
cylinder Q.

It is reguired to determine a pair of functions

(u(x,t),0(x)) from the conditions
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is a given set, v, u,, 14,..., 44, —are the given positive
numbers,a, (x) = 0,
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are the given functions.

For the given function U(X) the problem (1),
(2) is a direct problem in the domain Q, for the
unknow function U(X) the problem (1)-(4) is said to
be an inverse problem to the problem (1), (2). Note that

for each fixed function U(X)EV the solution of the

boundary value problem (1), (2) understood as a
generalized solution from the space Wi+, (@} [4].

Under the solution from W, (Q) of the
boundary value problem (1), (2) for the given function
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v eV we will understand the function U = u(x,t),
equal to UO(X) for t =0 and satisfying the integral
identity
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for all 77 :ﬂ(X,t) from WZI’O(Q), equal to zero for
t=T.

From the results of [4, p.209-215] follows that
under the above assumptions the boundary value

problem (1), (2) for each fixed function U €V has a
unique generalized solution from Wzl,o(Q) and the
estimation

”u”Wzl(Q) < Cmuonwg(g) + ||u1||L2(Q) +| f ”LZ(Q)J (6)

is valid. Here and in the sequel, by ¢ we will denote

various constants independent of the estimated
quantities and admissible controls.

To the problem (1)-(4) we associate the
following optimal control problem: it is reguired to
minimize the functional
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under the conditions (1), (2), (4), where
u= U(X,t)=U(X,t;U)—is the solution of the
boundary value problem (1), (2) corresponding to the
function U = U(X) eV.

We call the function U(X) a control, the class

V —a set of admissible controls. There is close
connection between the problems (1)-(4) and (1), (2),
(4), (7) if in the problem (1), (2), (4), (7)

min J(U)— 0, then additional integral condition (3)

veV

is fulfilled.

In futher, in order to avoid possible degeneration
in the obtained we consider the following functionol
condition for optimality:

Je@) =J6) + 21, 0200 + T2,
o) + 2, . @)

where & = 0 —is a given number.
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II. ON THE EXISTENCE OF THE SOLUTION
TO PROBLEM (1), (2), (4), (8).

Theorem 1. Let the conditions accepted in the

statement of problem (1)-(4) be fulfilled. Then the set

of optimal controls in the problem (1), (2), (4), (8)

V*:%)*EV:J(U*):J*:iDrl\]jJ(U)} is  non-

empty, weakly compact in Wzl(Q) and any
minimizing sequence {U(m)} weakly in Wzl(Q)

converges to the set V, .

Differentiability of the functional (8) and
necessary condition for optimality.

Let y = wix, t;v) —be a generalized solution
from Wi, (@) of the adjoint problem

Fy w8 By

E-II:LB_J:I.(U{-I] B_J:I

X [J’;m.ﬂu{x.r; v)dr — p(x)]. (x.8) € Q.
9)
T =022 — g renyls=0. (10

Under the generallzed solution of the boundary
value problem (9), (10) for each fixed control v & ¥ we
will understand the function wr = wix, £:w) from
Wik, (@), that equal to zero for t = T and satisfying the
integral identity

L _Eﬂg Z {_r]——+nc.z,i.g dxdt =
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forall g = glx, ) from Wi, (Q), that equal to zero E‘or)
t =0

From the results of the [4, p.209-215] it follows
that the boundary value problem (9), (10) for each fixed
controlu{x) e ¥ has a unique generalized solution from

Wit (@) and the estimation
"f,l!"" |_|r-:|||::\.| = c["u"L:IQI + ||¢||L:|g|]-

is valid. Taking into account estimation (6), hence we
have

"#"" |_|r-:|||::\.| = CI:"HD"LF-_-"."]' + "uj_ll;_,:l_.gl + "_f";_,zlql +

Y
(12)
Let the generalized solutions u = wu(x,t:v) and
= ix, £v) from WA(Q) of problem (1), (2) and (9),
(10), respectively, have the derivatives



=~ ,==.,i =1,....n that belong to the space L,{Q).

(13)

Theorem 2. Let the conditions of theorem 1 and
condition (13) be fulfilled. Then the functional (8) is
continuously Frechet differentiable on Wand its

differential at the point wv e ¥ for the increment
G g WQ) is determined by the expression

o) ov) = [ [[7 BT dt] vl ax +

e, [u5u+z, L:u':%u]dx

(14)

Theorem 3. Let the conditions of theorem 2 be
fulfilled. Then for the optimality of the control
v, = v,(x} € ¥ in the problem (1), (2), (4), (8) it is
necessary for the inequality

fn[f 2 lz'* v, dt]{v(x -, {x Jdx +
nJL[ {x:l vix) — o, {_r]}_l_zl Lar (aunxu

ox;

“"‘;T"']] dx =0
(15)

to hold for any v =wlx) £ V., where u, = ulx, t;v,)
and i, = w(x, t:v,) — are the solutions of the problem
(1), (2) and (9), (10) respectively for v = v, {x).

IV. CONCLUSION

In this work considered one inverse problem at
defining of higher coefficient for hyperbolic equation.
The problem is reduced to the optimal control problem
and new problem is studied with methods of optimal
control theory.

Is proved existence theorem for optimal control
and obtained necessary condition of optimality in the
form integral inequality.

REFERENCES

[1] Tikhonov A.N., Arsenin V.Yu. Methods for
solving ill-posed problems. M.: Nauka, 1974, 224 p.

[2] Kabanikhin S.I1., Iskakov K.T. Optimizational
methods for solving coefficient inverse problem.
Novosibirsk: NSU, 2001.

[3] Kabanikhin S.1. Inverse and ill-posed problems.
Novosibisk: Sib. Sci. publ., 2009, 457 p.

[4] Ladyzhenskaya O.A. Boundary value problems of
mathematical physics. M.: Nauka, 1973, 408 p.

[5] Mikhailov V.P. Partial differential equations. II
edition, M.: Nauka, 1983, 424 p.

[6] Sobolev S.L. Some applications of functional
analysis in mathematical physics. M.: Nauka, 1988, 334
p.

[7]1 Vasil’ev F.P. Methods for solving extremal
problems. M.: Nauka, 1981, 400 p.

[8] Yuldashev, T.K. Determination of the coefficient
in the inverse problem for an integro differential
equation of hyperbolic type with spectral parameters.
The Era of Science, 17, 2019, 134-149.

[9] Tagiev, R.K. On the optimal control of the
coefficients of a hyperbolic equation. Automation
and Remote Control, 7, 2021, 40-54.



