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ABSTRACT. The aim of this work is to study the Solutions of degenerate
Riemann-Liouville fractional integro-differential equations %(% J joo(t—
s) " %x(s)ds) = Ax(t) + fioo a(t—s)x(s)ds+ ﬁ fioo(t — 58 1z(s)ds +
f(t). Our approach is based on the R-boundedness of linear operators
LP-multipliers and UMD-spaces.
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1. INTRODUCTION

The aim of this paper is to study the existence and of solutions Riemann-
Liouville fractional integro-differential equations by using methods of max-
imal regularity in spaces of vector valued functions.

In this work, we study the existence of periodic solutions for the following
Riemann-Liouville fractional integro-differential equations

d M t t

—(=—/—— / (t —s) “xz(s)ds) = Ax(t) + / a(t — s)xz(s)ds

dt'T(1—a) J_o —00
(1.1) ) ;

—l—m /_oo(t — )P la(s)ds+ f(t); 0<t<2m
where I'(.) is the Euler gamma function, a, 8 € RT,0 < 3 < o, A and M
are a linear closed operators on Banach space (X, ||.||) such that D(A) C
D(M), f € LP([-r2z,0],X) for all p > 1 and 7o := 20N ( some N € N),
a € LY(R,), and a; is an element of LP([—ry; ,0], X) which is defined as
follows
x4(0) = z(t + 0) for 6 € [—ror, 0.

In [], Aparicio et al, studied the existence of periodic solution of de-
generate integro-differential equations in function spaces described in the
following form:

t

(Mu')’(t)—Au’(t)—% / c(t—syu(s)ds = vu(t)+ Au(t)+ / b(t—s) Bu(s)ds+f(2),
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and periodic boundary conditions w(0) = u(27), (Mu')(0) = (Mu')(27).
Here, A, B, A and M are closed linear operators in a Banach space X satis-
fying the assumption D(A) N D(B) C D(A) N D(M), b,c € L*(Ry), f is an
X-valued function defined on [0, 27|, and + is a constant.

In [21], S.Koumla, Kh.Ezzinbi, R.Bahloul established mild solutions for some
partial functional integrodifferential equations with finite delay

d

dt”
where A : D(A)X — X is the infinitesimal generator of a Cp-semigroup
(T'(t))t>0 on a Banach space X, for ¢ > 0, B(¢) is a closed linear operator
with domain D(B) D D(A).

This work is organized as follows : In Section 2 we collect some pre-
liminary results and definitions. In section 3, we study the existence and
uniqueness of strong LP-solution of the Eq. solely in terms of a prop-
erty of R-boundedness for the sequence of operators (ik)“((ik)*M — A —
a(ik) — (ik)~PI)~'. We optain that the following assertion are equivalent in
UMD space :

(1): ((ik)*M — A — a(ik) — (ik)~PI) is invertible and
{((ik)*((ik)*M — A — a(ik) — (ik)=PI)~', k € Z} is R-bounded.

(2): Forevery f € LP(T; X) there exist a unique function u € H*P(T; X)
such that v € D(A) and equation holds for a.e t € [0, 27].

(t) = Ax(t) + /0 B(t — s)x(s)ds + f(t,x) + h(t, z¢)

2. PRELIMINARIES

In this section, we collect some results and definitions that will be used
in the sequel. Let X be a complex Banach space. We denote as usual by
L'(0,27, X) the space of Bochner integrable functions with values in X.
For a function f € L'(0,27; X), we denote by f(k:), k € Z the kth Fourier
coefficient of f:

27
flk) = = /0 e_u(0)f(t)dt,

T or

where e, (t) = e*,t € R.
Let u € LY(0,27; X). We denote again by u its periodic extension to R.
Let a € L*(R,). We consider the the function

Plt) = /t a(t — s)u(s)ds, teR.

Since
t o)
(2.1) F(t)= / a(t — s)u(s)ds = / a(s)u(t — s)ds,
—o00 0
we have [IFll 1 < lalllullr = ally e, lull1o,2) and F'is periodic of

period T' = 27 as u. Now using Fubini’s theorem and (2.1)) we obtain, for



k € Z, that
(2.2) F(k) = a(ik)a(k), k € Z

where a(\) = [;° e"*a(t)dt denotes the Laplace transform of a. This iden-
tity plays a crucial role in the paper.

Let X,Y be Banach spaces. We denote by £(X,Y) the set of all bounded
linear operators from X to Y. When X =Y, we write simply £(X).

Proposition 2.1 ([2, Fejer’s Theorem|). Let f € LP(0,2m; X)), then one

has
. 1 n m .

m=0k=—m

with convergence in LP(0,2m;Y).

R-boundedness-UMD space,lP-multiplier and Riemann-Liouville
fractional integral. We shall frequently identify the spaces of (vector or
operator-valued) functions defined on [0, 27] to their periodic extensions to
R.

For j € N, denote by r; the j-th Rademacher function on [0,1], i.e.
ri(t) = sgn(sin(2/7t)). For z € X we denote by r; ® z the vector valued
function ¢ — 7;(t)x.

The important concept of R-bounded for a given family of bounded linear
operators is defined as follows.

Definition 2.2. A family T C £(X,Y) is called R-bounded if there exists
cqg > 0 such that

n n
(2.3) 1Y 75 @ Tl nao,ax) < coll D5 @ 25l ago,1,)

j=1 j=1
for all T1,..., 1T, € T,z1,...,2, € X and n € N, where 1 < ¢ < co. We
denote by R,(T) the smallest constant ¢, such that (2.3)) holds.

Remark 2.3. Several useful properties of R-bounded families can be found
in the monograph of Denk-Hieber-Priiss [14, Section 3], see also [1l, 2] 12|
25), 22]. We collect some of them here for later use.

(a) Any finite subset of £(X) is is R-bounded.

(b) If S C T C L£(X) and T is R-bounded, then S is R-bounded and
Ry(S) < Ry(T).

(c) Let S,T C L(X) be R-bounded sets. Then S-T :={S-T:S €
S,T € T} is R-bounded and

Ry(S - T) < Ry(S) - Ry(T).

(d) Let S, T C L(X) be R-bounded sets. Then S+ T :={S+T:S5 €
S,T € T} is R- bounded and

Ry(S +T) < Ry(S) + R,(T).



(e) If T C L(X) is R- bounded, then TU{0} is R-bounded and R,(T U

[0}) = Ry(T).
(f) If S, T C L(X) are R- bounded, then T U S is R-bounded and
Ry(TUS) < Ry(S) + Ry(T).

(g) Also, each subset M C L(X) of the form M = {A\ : A € Q} is
R-bounded whenever 2 C C is bounded (I denotes the identity
operator on X).

The proofs of (a), (e), (f), and (g) rely on Kahane’s contraction principle.

We sketch a proof of (f). Since we assume that S, T C L(X) are R-
bounded, it follows from (e) (which is a consequence of Kahane’s contraction
principle) that SU {0} and T U {0} are R-bounded. We now observe that
SUT c SU{0} + T U{0}. Then using (d) and (b) we conclude that SUT
is R-bounded.

We make the following general observation which will be valid through-
out the paper, notably in Section 4. Whenever we wish to establish R-
boundedness of a family of operators (My)kez, if at some point we make an
exception such as (k # 0), (k ¢ {—1,0}) and so on, then later we recover the
property for the entire family using items (a), (c) and (f) of the foregoing
remark. The corresponding observation for boundedness is clear.

Definition 2.4. Let € €]0,1[ and 1 < p < co. Define the operator H. by:
for all f € LP(R; X)

D= [ o AL P

7r 5

if liH(l) H.f := Hf exists in LP(R; X)) Then H f is called the Hilbert trans-

e—

form of f on LP(R, X).
Definition 2.5. A Banach space X is said to be UMD space if the Hilbert
transform is bounded on LP(R; X) for all 1 < p < oc.
Definition 2.6. For 1 < p < oo, a sequence { My}, ., C B(X,Y) is said to
be an LP-multiplier if for each f € LP(T, X), there exists u € LP(T,Y) such
that a(k) = My f(k) for all k € Z.

Proposition 2.7. Let X be a Banach space and { M}, be an LP-multiplier,
where 1 < p < co. Then the set {M}}, ., is R-bounded.

Theorem 2.8. (Marcinkiewicz operator-valud multiplier Theorem).
Let X, Y be UMD spaces and {My}, ., C B(X,Y). If the sets {My}, .,
and {k(Mj41 — My)} ey are R-bounded, then {M}}, ., is an LP-multiplier
for 1 < p < 0.

Definition 2.9. The Riemann-Liouville fractional integral operator of order
a > 0 is defined by

T2 () = a7 | (=9 Fs)as

—00



where I'(«a) = f0+oo e~tt*~1dt, is the Euler gamma function.

Definition 2.10. The Riemann-Liouville fractional integral derivative op-
erator of order o > 0 is defined by

D f0) = g9 )

Those familiar with the Fourier transform know that the Fourier trans-
form of a derivative can be expressed by the following:
da -
— (k) = ikz(k),Vk € Z
dt
and more generally,
dtn
A similar identity holds for anti-derivatives
7o __F(k) = (ik)~2(k),Vk € Z

—

D5 __F(k) = (ik)*2(k),Vk € Z

(k) = (ik)"2(k), Yk € Z

Remark 2.11. If we set u(x) = e** for k € 7 we have
DD _u(t) = (ik)*e®
2)T% u(t) = (ik)~%e*®,

3. PERIODIC SOLUTIONS IN UMD SPACE

For a € L*(R,), we denote by a *  the function

(a%2)(t) = / ot — $)a(s)ds

—00

with this notation we may rewrite Eq. (|1.1)) in the following was:

(3.1) D> Max(t) = Az(t) + (a*z)(t) + I° _x(t) + f(t) for t € R.
we have a * z(k) = a(ik)(k). We define
Ay = ((ik)*M — A — a(ik)I — (ik)~PT)
and

o7(A) ={k € Z: Ay, is not bijective}

the periodic vector-valued space is defined by

HP(T; X) = {u € LP(T, X) : Jv € LP(T, X), (k) = (ik)* Ma(k) for all k € Z}
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Definition 3.1. For 1 < p < oo, we say that a sequence {My}, ., C
B(X,Y) is an (LP, H%P)-multiplier, if for each f € LP(T, X) there exists
u € HYP(T,Y) such that

a(k) = Mpf(k) forall ke Z.

Lemma 3.2. Let 1 < p < oo and (Mg)kez C B(X) (B(X) is the set of all
bounded linear operators from X to X ). Then the following assertions are
equivalent:

(i) (My)rez is an (LP, H*P )-multiplier.

(11) ((ik)*My)kez is an (LP, LP )-multiplier.

We begin by establishing our concept of strong solution for Eq. (3.1))

Definition 3.3. Let f € LP(T; X). A function z € H*P(T; X) is said to be
a 2m-periodic strong LP-solution of Eq.(3.1)) if z(t) € D(A) for all t > 0 and
Eq. (3.1) holds almost every where.

Proposition 3.4. Let A be a closed linear operator defined on an UMD
space X . Suppose that
oz(A) = ¢ .Then the following assertions are equivalent :
(i): ((ik)*((ik)*M — A — a(ik)I — (ik)~PI)~1)
forl<p< o
(ii): ((ik)*((ik)*M — A — a(ik)I — (ik)=°1)71)

ez 1S an LP-multiplier

ez 18 R-bounded.

Proof. (i) = (ii) As a consequence of Proposition ({2.7))

(ii)) = (i) Let asp = (ik) "%, s e R,k #0

Define Mj, = (ik)*(Cy, — A)~Y, where Cy, := (ik)*M — a(ik)I — (ik)~PI. By
Theorem it is sufficient to prove that the set {k(Mjpq1 — M)}z is
R-bounded. Since

kM1 — Mg]

=k [(i(k 4+ 1)*(Cry1 — A) " = (ik)*(Cr — A) 7]

= k(Cry1 — A) ik + 1)*(Cr — A) — (ik)*(Crpr — A)] (Cr — A) 7!

= kMj11 [aqk(Cr — A) — aq k41(Cryr — A)] My,

= kMj11 (a0 kCk — 0 k+1Ck+1 + (q k1 — Qo k) A] My,

= kaq My 41Cp My, — kag 11 M1 Crp1 My + k(@ 41 — o k) M1 AM,
= kaq M 1Cr My — kag g1 M1 Cry1 My
Lkl = Baky n (a0 MiCr — T).

Aok

)

Observe that for a > 0 we have that |(i(k + 1))* — (ik)®| can be estimated

by (ik)®~! uniformly in k according to the definition of |(ik)%| and the mean

value theorem. This implies that k@akr1-0ak)

is bounded sequence. Since
kaq . also is bounded for o > 0. Since 7products and sums of R-bounded

sequences is R-bounded [23, Remark 2.2]. Then the proof is complete. [
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Lemma 3.5. Let 1 < p < co. Suppose that o7(A) = ¢ and that for every
f € LP(T; X) there exists a 2m-periodic strong LP-solution x of FEq. (3.1)).
Then x is the unique 2mw-periodic strong LP-solution.

Proof. Suppose that z1 and z2 two strong LP-solution of Eq. (3.1]) then

x = x1 — x9 is a strong LP-solution of Eq. (3.1)) corresponding to f = 0.

Taking Fourier transform in (3.1)), we obtain that

(ik)*Mi(k) = Az (k) + a(ik)z(k) + (ik)"Pi(k), k € Z.
Then
((ik)*M — A — a(ik)I — (ik) P& (k) = 0

It follows that (k) = 0 for every k € Z and therefore x = 0. Then x; = x2

O

Theorem 3.6. Let X be a Banach space. Suppose that for every f €
LP(T; X) there exists a unique strong solution of Eq. (3.1) for 1 < p < oc.
Then

(1) for every k € Z the operator A = ((ik)*M — A — a(ik)I — (ik)~P1)
has bounded inverse
(2) {(ik‘)o‘MAgl}keZ is R-bounded.
Before to give the proof of Theorem we need the following Lemma.

Lemma 3.7. if ((ik)*M — A —a(ik)I — (ik)=PI)(z) = 0 for all k € Z, then

u(t) = ez is a 2m-periodic strong LP-solution of the following equation
D (Mu)(t) = Au(t) + (a * u)(t) + I (u)(2).

Proof. We have ((ik)*M — A — a(ik)I — (ik)=PI)z = 0.
Then
(ik)*Mz = Az + a(ik)z + (ik) Pz
We have u(t) = e**z and by Remark (2),
DY (Mu)(t) = (ik)*e* Ma = ™ ((ik)%x)

= Az + a(ik)x + (ik) Pz
= Attty + a(ik)e*tz + (ik) Pt
= Au(t) + (a*u)(t) + I u(t)

Proof of Theorem 1) Let k € Z and y € X. Then for f(t) = ety
there exists € HP(T; X) such that:

D% o (Mu)(t) = Au(t) + (a xu)(t) + I (u) () + f(2)
Taking Fourier transform. We have D@x(kz) = (ik)*M (k) and Iéoox(k) =
(ik) =7 a(k)
Consequently, we have

A~

(ik)*Mi(k) = Az(k) + a(ik)@(k) + (ik)Pa(k) + f(k)
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[(ik)* M —A=a(ik)—(ik)"P)a(k) = f(k) = y = ((ik)*M —A—a(ik)—(ik) ")
is surjective. '

if ((ik)*M — A — a(ik) — (ik)~?)(u) = 0, then by Lemma [3.7 z(t) = e*'u
is a 2m-periodic strong LP-solution of Eq.(3.1) corresponing to the function
f(t) = 0 Hence z(t) = 0 and u = 0 then ((ik)*M — A — a(ik) — (ik)™?) is
injective.

2) Let f € LP(T; X). By hypothesis, there exists a unique z € H*P(T, X)
such that the Eq. (3.1)) is valid. Taking Fourier transforms, we deduce that
(k) = ((ik)*M — A — a(ik) — (ik:)”g)*lf(k) for all k € Z.

Hence
(tk)*Mz(k) = (ik)*M ((ik)*M — A — a(ik) — (ik)*ﬁ)*lf(k:) forall ke Z
Since x € H*P(T; X), then there exists v € LP(T; X) such that

0(k) = (ik)*Mz(k) = (ik)*M((ik)*M — A — a(ik) — (z’k)’ﬁ)’lf(k).

Then {(ik)*MA; is an LP-multiplier and {(ik)*MA} is R-
bounded. g

l}kGZ l}kGZ

4. MAIN RESULT

Our main result in this work is to establish that the converse of Theorem
3.6 are true, provided X is an UMD space.

Theorem 4.1. Let X be an UMD space and A : D(A) C X — X be
an closed linear operator. Then the following assertions are equivalent for
1 <p<oo.

(1): for every f € LP(T; X) there exists a unique 2mw-periodic strong
LP-solution of Eq. (3.1)).

(2): 0z(A) = ¢ and {(ik)*MA, is R-bounded.

1}k€Z

Lemma 4.2. [2]. Let f,g € LP(T; X). If f(k) € D(A) and Af(k) = §(k)
for all k € Z Then

f(t) € D(A) and Af(t) =g(t) for all t € |0,2m].

Proof. 1) = 2) see Theorem
1) < 2) Let f € LP(T; X) . Define

Ap = ((ik)*M — A — a(ik)I — (ik)=PI)
By Lemma the family {(il{:)O‘MA;l}kGZ is an LP-multiplier it is equiv-
alent to the family {A;l}kez is an LP-multiplier that maps LP(T; X) into
Ho#(T; X),
namely there exists x € H'P(T, X) such that

(A1) #(k) = A7Uf(k) = ((1K)*M — A — a(ik)I — (ik) 1)~ (k)



In particular, z € LP(T; X) and there exists v € LP(T; X) such that o(k) =

o —

(4.2) D> Muz(k) = 0(k) = (ik)* Mz (k)
Using now (4.1]) and (4.2)) we have:
Do__Ma(k) = (ik)*Mi(k) = Az (k)+a*z2(k)+I° _x(k)+f(k) for all k€ Z.

Since A is closed, then z(t) € D(A) [Lemma [4.2]]
and from the uniqueness theorem of Fourier coefficients, that Eq. (3.1]) is
valid . N
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