s

2

5 EasyChair Preprint

Ne 4553

Hyperboctys

Charles Kusniec

EasyChair preprints are intended for rapid
dissemination of research results and are
integrated with the rest of EasyChair.

November 12, 2020



Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
Vol. XX, 20XX, No. X, XX-XX

Hyperboctys

Charles Kusniec!

!'e-mail: charleskusniec@jicloud.com

Received: 18 Oct. 2020 Revised: DD Month YYYY Accepted: DD Month YYYY

Abstract: This study introduces the Hyperboctys - Sieve of Primes, Quadratic Sequences of
Primes, and Divisors.

Keywords: Multiplication Table, Sieve of Primes, elementary number theory.

2010 Mathematics Subject Classification: 11N35, 11N36, 11A05, 11AS51.

1 Introduction

From the Paraboctys study, we arrived at "The Hyperbolic Sieve of Primes and Products xy" [5]
study. From the Hyperbolic Sieve of Primes, we arrived at the present study. The name
"Hyperboctys" comes from the hyperbolic structure shown in the Hyperbolic Sieve of Primes and
Products xy and Paraboctys name.

Hyperboctys is the complement of the Paraboctys and vice-versa. The two together show us
that all polynomial sequences are connected. They form a unique mosaic or tessellation in 3
dimensions.

The combination Paraboctys and Hyperboctys explain how and why prime number sequences
appear in polynomials. When we change a parameter of a polynomial sequence, at the same time
infinite others are changed. All this happens to keep the integers in the lattice-grid. You change
the mosaic or tessellation, but you never change the 3D structure that supports the properties
(finite difference method) of the polynomials.

Paraboctys and hyperboctys show us why Goldbach’s conjecture and Landau’s problem are
the same problems and how to prove them.

In this introductory study, we will expand the TMT - Triangular Multiplication Table that we
found in the study The Hyperbolic Sieve of Primes and Products xy. We will introduce 5 ways
to analyze the Composite number density in the multiplication table. We will start with the usual
known TMT - Triangular Multiplication Table and end in the FMT - Full Multiplication Table.
TMT has only the non-negative products, but FMT has all Integer numbers products.

Later we will show that the same properties existing in the TMT - Triangular Multiplication
Table apply in quadratic sequences of prime numbers.



Then we will formally define what Hyperboctys is, as well as its notation. We will show some
algebraic operations and possible rotations along with some examples.

Because of the operations with hyperboctys, we can add constants to “kill” the zeroes of FMT
and find the Prime sequences. This idea comes from the covering system in Paraboctys: all
polynomial and irreducible sequences without Zero as an element will have an infinite number
of primes. It is impossible to cover all elements of a non-composite generator sequence with the
possible composite generators. So, always will appear an infinite number of Prime elements.

Then we will formally define what Composite Generator is as well as where they appear in
the Multiplication Table.

We will show the behavior and characteristics of Hyperboctys rotations using the
Multiplication Table as an example.

Then, we will present an introduction of the polynomial sequences that form the repeated
composites in the Multiplication Table.

Also, FMT and its rotations are the “cutters” or the “limiters” of quadratic Prime sequences.
They have the composite generators to limit the Prime sequences.

In Paraboctys we see that it is not possible to cover any non-composite generator completely.
This explains why any Prime generator sequence is not a prime-free sequence, is not a composite
generator, is a non-composite generator, and has an infinite number of primes.

A comparative study of the density of prime numbers in sequences and the density of divisors
in integers is still lacking.

We will study the hyperboctys variations when Y[—1] and Y[1] vary both in the same direction
or no variation between alternatives.

Finally, we will show where the sequences of prime numbers in the Hyperboctys are found.

Enjoy yourself!

1.1 Previous conventions:

Please, as reference consult the Conventions, notations, and abbreviations study [2]. The latest
version at https://1drv.ms/b/s! Arslv070x3WjjYUpsGLsNeWwfH60OdA?e=K 1C4q5




2 The Multiplication Table (MT)

One of the results of The Hyperbolic Sieve of Primes and Products xy study [5] was the
Multiplication Table in the hyperbolic lattice-grid.
See the multiplication table below:

m 10 40 50 60 70 EEIOO
n 18 27 36 45 54 81
0o B -0 - n
7 14 21 2849E
nn 18 36 54 60
n 10 25 ‘ 40 45 50
4 n 16 28 32 36 40
Bon. oo - - 0- 0
nn10‘14 16 18
e
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Figure 1. The 10 X 10 one quadrant multiplication table. The axis of symmetry is the
sequence A000290 The Square numbers.

It is not possible to think we can divide it in exactly two triangles the n X n square
multiplication table. This thought deceives us. The reason is simple:
a) any Integer x has two forms in the square multiplication table as x * 1 and 1 * x.
b) any product in the multiplication table appears as x * y and y * x.
c) but the Square numbers cannot invert the multiplicand with the multiplier.
Therefore, we need to study two triangular multiplication tables:
1) TMTS is a triangular multiplication table with the A000290 Square numbers on one
edge. We can construct two TMTS. One TMTS has sides (y, yx,y(y — 0)) and the

other has sides (x xy, x(x — 0))

m 10 40 50 60 70 mmloo 100

18 27 36 45 54 [E1 WA 81 81 m
nn 16 [P24 32 40 n SN 64 64 m
49 70

7 14 21 2849

nn 18 36 36 m 54 60
10 25 25 ‘ 40 45 50
4 n 16 16 28 32 36 40
oon- - e
4 nlo‘ 14 16 18

o ['Bb-gopn- -
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Figure 1. The 10 X 10 triangular multiplication table with the Square numbers on one edge.
The sides of the triangle are (y, yx, y?) and (x, xy, x?).
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TMTO is a triangular multiplication table with the Oblong numbers on one edge. We
can construct two TMTS. One TMTS has sides (,yx,y(y — 1)) and the other has

sides (x xy, x(x — 1))

B-EE----0O o

20

18 27 36 45 54 [GEN Wi

0O -2 - <O
Bo - - - ;i
Bon - o

)

2 |3
| -

54 60
40 45 50
28 32 36 40
JH 18 21 27
nn1014 16 ]8

o BE - papn - -
DNDDDENEDnD DnDEnEnnnnmn

Figure 1. The 10 X 10 triangular multiplication table with the Oblong numbers on one edge.
The sides of the triangle are (y, yx,y(y — 1)) and (x, xy, x(x — 1)).

Now, let’s study all types of Multiplication Table (MT) dividing it into 5 parts:

1.
2.
3.
4.
5.

The TMTS - Triangular Multiplication Table with Squares.

The TMTO - Triangular Multiplication Table with Oblongs.

The QMT - One Quadrant Square Multiplication Table

The QMTLZ - One Quadrant Square Multiplication Table Less the Zeroes
The FMT - Full Multiplication Table

This will be important to see a new prime density approach in Prime quadratic sequences.



2.1 The TMTS - Triangular Multiplication Table with Square numbers

The TMTS triangular multiplication table with square numbers is the multiplication table with
columns equal in size to the column value plus one row to include the row Zero.

In this TMTS, we are considering C > 0 disregarding the negative columns, and R > 0
disregarding the negative rows.

See below the triangular multiplication table picture showing the multiplier and the

multiplicand for each product, with Y-axis inverted:
TMTS TRIANGULAR MULTIPLICATION TABLE WITH SQUARE NUMBERS: ( Column C is the multiplier ) * (Row R is the multiplicand ) = Product

C = Multiplier 0*R <= 0A2 1*R <= 1A2 2*R <= 2A2 3*R <= 3A2 4*R <= 4A2

3 4+ [ s | & [ 7 ]
[3 ~ 0 =04 -0 ="0]5 0 =0
2 = S 4 2 <15 - 2 =10 7 * 2 =14
5 4 3 <A 5 * 3 =l H 6 3 =18[7 * 3 =21
4 4 =16 5 *~ 4 <[EW 6 ~ 4 <P 7 - 4 = 28
5 5 =25 6 *s5 <EH0l'7 * 5 - EH
6 6 =3 7« 6 -Ed
70749
T =11 =1
11 * 2 = 22 13 * 2 = 26
9 * 3 -|Ed IEENE=E 13 * 3 = 39
8 * 4 =32 11 * 4 = 44 13 * 4 = 52
8§ * 5 =40 9 * 5 =45 10 * 5 =50 11 * 5 = 55 13 * 5 = 65 15 * 5 = 75
8 * 6 =l 9 * 6 =54 10* 6 =60 11 * 6 = 66 13 * 6 = 78
8 7 =<H2 9 * 7 =FW10* 7 =70 11 * 7 =77 12 * 7 =84 [13 * 7 =091 14 * 7 =98 15 * 7 =105
8 * 8 =64 9 * 8 =010+ 8 =FEH11 * 8 =8 12* 8 =96 13 * 8 =104 14 * 8 =112 16 * 8 =128
9 * 9 =281 10+* 9 =FE@l1 * 9 =FEJ12* 9 =108 13 * 9 =117 14 * 9 =126 15 * 9 =135
10 * 10 =100 11 * 10 =l 12 * 10 =fFXJ 13 * 10 =130 14 * 10 =140 15 * 10 =150 16 * 10 = 160
1% 11 =121 12 * 11 =EEA13 * 11 =EF 14 * 11 =154 15 * 11 =165 16 * 11 =176
12 * 12 =144 13 * 12 =[Hy 14 * 12 = 15 * 12 =180 16 * 12 =192
13 %13 =169 14 * 13 <A 15 * 13 =[EH 16 * 13 =208
14 * 14 =196 15 * 14 =HI 16 * 14 =P
15 * 15 =225 16 * 15 =N
16 * 16 =256

Map of colors:
A000004 The Zero number, in red web color #FF0000. They appear only in row 0.
A000012 The One number in blue light web color #3399CC. It appears only one in row 1 with column 1.

A000040 The Prime numbers, in blue web color #336699. Each Prime appears once in row 1.
A000290 The Square numbers (except Zero and One), in yellow web color #FFFF0O0.
[4002378 The Oblong numbers (except Zero and Two), in red-dark web color #993333.
A005563 The Square minus One numbers (except Zero and minus One), in Orange-dark web color #FF6600.

DISTINCT COMPOSITES (entries computed in A333995) and REPEATED COMPOSITES (entries computed in A108407):
This color represents the DISTINCT COMPOSITES that will be repeated in just 1 column ahead in row 1. They are A323644 Composites with 3 or 4 divisors.
Semiprime or PrimeA3. {4, 6, 8,9, 10, 14, 15, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 49, 51, 55, 57, 58, 62, 65, 69, 74, 77, 82, 85, 86, 87, 91,
This color represents the REPEATED COMPOSITES from only 1 previous Prime column or column with product PrimeA3. They appear only in row 1. They are

A323644 Composites semiprime or PrimeA3. {4, 6, 8,9, 10, 14, 15, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 49, 51, 55, 57, 58, 62, 65, 69, 74, 77,
This color represents the DISTINCT COMPOSITES that will be repeated in more than 1 column ahead until it is repeated last in row 1. They are AO58080
Composites with more than 4 divisors. {12, 16, 18, 20, 24, 28, 30, 32, 36, 40, 42, 44, 45, 48, 50, 52, 54, 56, 60, 63, 64, 66, 68, 70, 72, 75, 76, 78,

Figure 1. The Triangular Multiplication Table with Square numbers - TMTS. Multiplications
xy from O to 16.

Let's call repeated composites that have already appeared at least once in a previous column.

Let's call distinct composites that did not appear in any of the previous columns.

Then, the TMTS has the Composite numbers classified into four types:

e Distinct Semiprimes or Prime® numbers.

e Repeated Semiprimes or Prime3 numbers.

e Distinct Composites with more than 4 divisors numbers.

e Repeated Composites with more than 4 divisors numbers.

Semiprimes or Prime3 numbers have only two pairs of multiplications between its divisors.
These are the composites that appear only twice in the multiplication table: once as distinct and
once as repeated composite.



We are including the line of Zeros in TMTS because we show that the element Zero is the
only element in a polynomial sequence that allows us to classify the polynomial as a Composite
Generator.

Another fact that makes us consider the line of zeroes is that we will explore many results
doing rotations with the FMT - Full Multiplication Table.

In the rotations of FMT, the line of the row of Zeros does not change. The line of Zeros behaves
as a reference for the rotations.

The Hyperbolic Sieve of Primes and Products xy study shows us that TMTS is a hyperbolic
structure where all Repeated Composites are connected by a hyperbolic line. Consequently, when
we extend the TMTS to a full table, we also extend the hyperbolic lines.



2.1.1 Triangular Multiplication Table with Squares conclusions

We get the following results:

Column C in the TMTS --> n-

4000012 [Number of Zero numbersincoumnC._ [ 1 [ 1 [ 1T 1] 1]1]

4063524 [Number of UnitnumberincolumnC._——— T o1 JToJoJoJoloJoJof]ofo]
[A010051 [Number of Prime numbersincoumnC.__ JoJo [ 11 [of1Jof[1]ofo[o]
[A113638 [Number of Composite numbersincomnC. [ 0 ] 0 | [ 6 [ 6 [ 8 [ 9 [10]
Number of terms in column C i Zeros)

I \uber of distinct Semiprimes or PrimeA3 in column C.

—nnnnnnnnnn-

_ Number of distinct Composites with more than 4 divisors in column C.

 Dmberolsemimesorfimes b, [o[o[1[z[2[3[ 1[4 1 z[1]
[ Number of Compostes wih more than 4 dvsors o | 0 [ 0 [ 0

7553595 |Number of distinct Composites mcomnC.________—— [ 0 [ 0 [ 1|
nnnn

 [Numberor e rambers n colimn C v coomng e Zerog.

OEIS

I T B 56 7[5 o [0l
nn-nnnn-nn-
[A0007 20 Number of Prime numbers untl coumn €. | 0 | 0|

4333996 [Number of Composite numbers untilcoumnC. [ 0 | 0 |

Number of terms until column C (not counting the Zeros).

000 7 S O 3 M

_ Number of distinct Semlprlmes or PrimeA3 until column C. 11 12 12

_““ﬂ““------

I \umber of distinct Composites with more than 4 divisors until column C. 14

[ [Number of Semiprimes or PrimeA3 unticomnG. [ 0 [ 0 | 1 |

[ [Number of Composites with more than 4 dwvisors unti calmn & [ 0 | 0 | 0 |

753454 | Number of distinct Composttes untlcolmn G, [ 0 [ 0 [ 1|

2334455 [Number of repeated Composites unicomn €[ 0 [ 0 [ 0 |

7555622 | Number of Even numbers untl column C (not counting the Zeros. || 0|

T TP C———r— 1 1 0 £ R TR T

—
-
—-

_ Percentage of distinct Semiprimes or PrimeA3 until column C. 00% 100% 57% 64% 41% 48% 35% 30% 24%

| G%  [Percentage of repeated Semiprimes or Prime~3 until comnC. | | | 0% ] 0% | 14%] 9%

0% 29% 27% 41% 39% 45% 48% 50%

[ m% ] Percentage of repeated Composites until column
[ . [Number of Even numbers until column C (not counting the Zeros).

Figure 1. Results from the TMTS.

Disregarding the Zero numbers in row 0, the TMTS is a triangular pattern where:
A000217[C] = 1 + A000720[C] + A333996[C]
A333996[C] = A108407[C] + A333995[C]

=C+D+E

F+G+H+I=]J]+K=L+M

=E+G

=H+I

=F+H

=G+1

L =~XN—
I



At TMTS, the x and y divisors that generate the repeated composite products appear only
once. No pair of divisors is repeated.




2.2 TMTO - Triangular Multiplication Table with Oblong numbers

The TMTO - Triangular Multiplication Table with Oblong numbers is also a triangular
multiplication table.

We make TMTO from TMTS by removing the sequence of Square numbers that form the
diagonal side.

TMTO has columns equal in size to the column value minus One plus one row to include the
Zero column.

So, TMTO has columns equal in size to the column value.

In TMTO, we are also disregarding the negative rows and columns.

R=Multiplicand] 0| 1 |

s [ o [ 0o [ w7 [ 3 [ 1a ]
[8 * 0 - 0[9 * 0 = 010" 0 = 011 * 0 = 0120 =013 -0 = 0[12a* 0 =0
[ 8 < 1 - 819 1 =910 1 =10[11 ~1 [13 1 =13]14 * 1 = 14]
Ti* 13 * 2 = 26
9 * 3 - I 13 * 3 = 39
8 * 4 = 32 11 = 13 * 4 = 52
8 * 5 =40 9 * 5 =45 10 * 5 =50 11 * 13 * 5 = 65 15 * 5 = 75
8 * 6 =l 9 * 6 54 10 * 6 = 60 11 * 13 * 6 = 78
8 7 =4 9 - 7 -IFP 10+ 7 =70 11 * 13 % 7 =91 14 * 7 =98 15 * 7 =105
9 * 8 =g 10*8=m]]* 13 * 8 =104 14 8 =112 16 * 8 =128
« 9 « * 9
5 =
&
*

Map of colors:

A000004 The Zero number, in red web color #FF0000. They appear only in row 0.
A000012 The One number in blue light web color #3399CC. It appears only one in row 1 with column 1.
A000040 The Prime numbers, in blue web color #336699. Each Prime appears once in row 1.
A000290 The Square numbers (except Zero and One), in yellow web color #FFFF0O0.
A002378 The Oblong numbers (except Zero and Two), in red-dark web color #993333.
A005563 The Square minus One numbers (except Zero and minus One), in Orange-dark web color #FF6600.

DISTINCT COMPOSITES (entries computed in A333995) and REPEATED COMPOSITES (entries computed in A108407):
This color represents the DISTINCT COMPOSITES that will be repeated in just 1 column ahead in row 1. They are A323644 Composites with 3 or 4 divisors.
Semiprime or PrimeA3. {4, 6, 8,9, 10, 14, 15, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 49, 51, 55, 57, 58, 62, 65, 69, 74, 77, 82, 85, 86, 87, 91,
This color represents the REPEATED COMPOSITES from only 1 previous Prime column or column with product PrimeA3. They appear only in row 1. They are
A323644 Composites semiprime or PrimeA3. {4, 6, 8,9, 10, 14, 15, 21, 22, 25, 26, 27, 33, 34, 35, 38, 39, 46, 49, 51, 55, 57, 58, 62, 65, 69, 74, 77,
This color represents the DISTINCT COMPOSITES that will be repeated in more than 1 column ahead until it is repeated last in row 1. They are AO58080
Composites with more than 4 divisors. {12, 16, 18, 20, 24, 28, 30, 32, 36, 40, 42, 44, 45, 48, 50, 52, 54, 56, 60, 63, 64, 66, 68, 70, 72, 75, 76, 78,

Figure 1. The TMTO - Triangular Multiplication Table with Oblong numbers.



2.2.1 Conclusions from the TMTO - Triangular Multiplication Table
with Oblong numbers

We get the following results:

[oes | olumn Cinthe tuTo->] 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7|8 |5 | 0]
[R05 7427 [Number of Zero mumbers meoumn €. [0 [ T [ 1 [ [ 1 [ [ [ [ [T 1]
_NemberofUntmmbernconG oo o o o ololololoo
[Number of Prime mumbers incolmn €. |0 [0 [ 1 [ 1 [0 [ 1 [0 [ 1 [0 ]0]0]
[Number of Composite numbersincoimn €& |0 [ o [0 [ 7 [ 3 [ 3 [ 5[5 [ 7 80|

I . ber of distinct Semiprimes or PrimeA3 in column C. 1

—nnnnnnnnnn-

I N umber of distinct Composites with more than 4 divisors in column C.

[ [Number of SemiprimesorPrimeA3incolmnC. [ o [ oo [ 1 [ 1 [2[1[3[1][2]1]}
[ [Number of Composites with more than 4 divisors in column C. “n“n-----nn
“n“n-n “-

[oes | olumn Cinthe tuTo>] 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7|8 |05 |10
(7001477 |[Number of Zero numbers uni column €. [0 | 1] s {6 [ 7 &5 [0}
—nnnnnnnnnnn
000770 Number o rme rumbers oo [ o [ o | 1|2 | 2] |
.

A000217
I \umber of distinct Semiprimes or PrimeA3 until column C.

—nnnnn------

I \uber of distinct Composites with more than 4 divisors until column C. 16 21

[ Number of Semiprimes or PrimeA3 unticomn G, [ 0 [ 0 | 0 |

[ [Number of Composits with more than 4 divisors untl calamn €| 0 | 0 | 0 | 0 ]

[Number of distinct CompostesunticolmnC._____————— [ 0 [ 0 [ 0 [ 1 [ 35 [ 6 ] o [ 141825 28]
[ [Number of repeated Composites unticolumn & 0 [ 0| 0 [ 0 [ 1 | 1] 5 [ 9 |13

Percentagel T Column C in the TMTO—>] 0|
A [Percentage of Zero mumbers unticolmnC. 100
[ & [Percentage of Unit number undl column €|

| C  [Percentage of Prime numbers untilcolumnC. [ | 0%|
e s e —

[ F |percenmmgeoftermsuniiconmne, [ 100
Percentage of distinct Semlprlmes or Prlme/\3 until column C.

---

Percentage of distinct Composites with more than 4 divisors until column C. 0% 50% 43% 50% 47% SOA 50% 51%

Percentage of Composites with more than 4 divisors until column C.
Percentage of distinct Composites until column C. ---
Percentage of repeated Composites until column C. ---

Figure 1. Results from the TMTO - Triangular Multiplication Table Less the Square
hypotenuse.

At TMTO, the x and y divisors that generate the repeated composite products also appear
only once, but it is not complete. It is missing the divisors of the Squares. No pair of divisors is
repeated.

10




2.3 The QMT - One Quadrant Square Multiplication Table

The “OMT - One Quadrant Square Multiplication Table” is square.
It is made by the combination of TMT plus TMTO.
In QMT, we are also disregarding the negative rows and columns.

n 40 60 m loom 140 160 180 200 220 P&l 260 280 300 320 340 =

38 57 76 95 114 133 152 171 190 209 228 247 266 285 304 =

18 36 54 108 126 144 162 180 198 216 234 252 270 2] 32 34,

n 34 51 68 85 102 119 136 153 170 187 204 221 238 289 340
n 16 32 64m 96 112 128 144 160

n 45 60 75 m 105 fi=e) 135 150
14 28 70 84 98 112 126 140
n 26 39 52 65 78 91 104 117
n 36 60 84
n 22 33 44 55 66 77 88 E 121 B}
10 QZORRElR 40 50 60 70 mm 100 1) 130 140 150 160 170 180 190 200
18 27 36 45 54 81 mﬂ 108 117 126 135 144 153 162 171 180

.n 14 21 28 EYS 49 BN GER 70 77 84 91 98 105 112 119 126 133 140
Enﬂ 18 36 m 54 60 66 78 84 ‘m 96 102 108 ]14.
-n 10 H 25 40 45 50 55 60 65 70 75 E 85 m 95
n 4 n 16 Wl Vs 28 32 36 40 44 52 BN 60 64 68 76m
n n 5 mkj 212733 36 3945“51 54 57 60
4‘““ 10]4 16 18 2226 28‘ 32 34 36 38 40
o anp - - DR -6 -0 - DE
oo Lo oo [e[o o ]olo[o[o]e[o]s]o[s]o[o]c

E 208 221 234 247 260

m 180 192 204 216 228

]54 165 176 187 198 209 220

o] 67 ]s]o] 1311415 1161711819 20]
Figure 1. The QMT - One Quadrant Square Multiplication Table.
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2.3.1 Conclusions from the QMT - One Quadrant Square Multiplication
Table

We get the following results:

Column C
[A063 52 ¢ |Number of Unit numberincoumnc. o [ 1 [ o [ oo o o o] o] o]o]
_“n -“-n | 0 |

A005408 |Number of terms in column
I \ber of distinct Semiprimes or PrimeA3 in column C. 0 1

—nnnn-n-n---

I N umber of distinct Composites with more than 4 divisors in column C.

st e A T —— R

[ . [Number of Composites with more than 4 divisors in column C.

[ [Number of distinct CompositesincoumnC._—— T o[ o[1] 5 7 [0 ]
[ [Number of repeated Composiesineolumn & 0| o [0 | o 21 o 4ol c 6] 5]

[OES | Column Cin the QMT Quadrant Square Multplication Table > 0 | 1 | 2 | 3 |

[R005543 [Number of Zero numbers unif column ¢ | 0| s [ a6
nn-nnnnnnnn
_“ | 8 [ 8] 8] s |
_nn--m-

Numb of terms until column C. n-n 15

I \umber of distinct Semiprimes or PrimeA3 until column C. 17 17 19 19

—nnnn--- | 6 [ 8 [ 10]

A \umber of distinct Composites with more than 4 divisors until column C. 17 26 35 46

[ [Number of Semiprimes or PrimeA3 unticolmnnC. | 0 | 0 | 1 | 4 |
[ [Number of Composits with more than 4 divisors untl calamn €| 0 | 0 | 0 | 0 ]
[Number of distinct Compostes untilcomnG. [ 0 [ 0 | 1 | 4|
[ [Number of repeated Composites umicolumn €| 0| 0| 0| 0]

percentagel o C it the QUT Quadrant Sauare Mutplcaton Table >1 0 T T2 L3 1 e 1s e b7 Te 1o lo]
I Y T e I - 17 30 P I e ] R
| B [Percentage of Unit number untilcoumnC. | -
_-
“ -
-
PercentageofdistinctSemiprimesorPrime/\3 until column C. 100% 45% 56% 34% 43% 31% 26% 21%

| G [Percentage of repeated Semiprimes or Prime~3 untilcomnC. | | | | 0% 1 18% ] 11% ] 14%]10% ] 11%]11%]11%]

Percentage of distinct Composites with more than 4 divisors until column C. 0% 36% 33% 45% 43% 47% 49% 51%

Percentage of Composites with m n 4 divisors until column

Percentage of distinct Composites until column
Percentage of repeated Composites until column C. L 1 [o% [18%]11%] 21% [ 15%] 22% | 25%] 29% ]

Figure 1. Results from the QMT - One Quadrant Square Multiplication Table.

In QMT the repeated composites with different divisors pair appear twice, but the divisors
pair of the Squares appear once.
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2.4 QMTLZ - One Quadrant Square Multiplication Table Less the Zeroes

The “OMTLZ - One Quadrant Square Multiplication Table Less the Zeroes” is also a square
multiplication table.

We make it from QMT disregarding the line and column of the Zeroes.
In QMTLZ, we are also disregarding the negative rows and columns.

40 60 m 100 140 160 180 200 220‘ 260 280 300 320 340 400
m 38 57 76 95 114 133 152 171 190 209 228 247 266 285 304 361
18 36 54 m 108 126 144 162 180 198 216 234 252 270 |4 . 342

34 170 187 204 221 289 340
64 96 112 160 176 192 208 256 304 320
45 60 75 BEN 105 BP0 135 150 165 180 [Ck) Ak 225 285 300

o | KT

51 68 85 102 119 136

LN 70 84 98 252 266 280

26 39 52 65 78 91 104

221 234 247 260
204 216 228 Xl

187 198 209 220

170 180 190 200

. 40 50 60 70 m 100‘ 130 140 150 160

. 18 27 36 45 54 81 mm 108 117 126 135 144 153 162 171 180
nn 16 (748 32 40 64 m 88 96 104 112 AP 128 136 144 152 160

72
49 BEMEGER 70 77 84 91 98 105 112 119 126 133 140

. . EN 36 . 54 60 66 ‘ 78 84 E 96 102 108 114 B

10 H 25 40 45 55 60 65 70 75 m 85 m 95 100

n. pL 32 36 40 44 52 60 64 68 76 m

. 21 27 33 36 39 45 FuEH 51 54 57 60

nn 10. 14 16 18 QLN 22 [PLE 26 28 32 34 36 38 40
+ HEE - -l

DED -1 < 3 - D
DD NDNED D DN EODDDEDDDS

Figure 1. The QMTLZ - One Quadrant Square Multiplication Table Less the Zeroes.
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241 Conclusions from the QMTLZ - One Quadrant Square
Multiplication Table Less the Zeroes

We get the following results:

oS Colimi G nthe GAITLY Ctiagrant Square Muliplation Less 2ero Table 21 0| 1 | 2 | 2 | & | 5 | 6 |7 | & |0 @ 10]
4000004 [Number of Zero numbersincoumnC._— JoJoJoJoJoJoJoJoJof]ol]o]
4063524 [Number of UnitnumberincolumnC. T o1 JToJoJoJoJoJoJof]of[o]
e Namber ofprime mimbers n colamn &5 |7 |7 [0 |7 [ 0| o o]
B T o — U N B W

umber of terms in column

I \ber of distinct Semiprimes or PrimeA3 in column C. 1

—nnnn-n-n---

I N umber of distinct Composites with more than 4 divisors in column C.

st e A T —— R

[ . [Number of Composites with more than 4 divisors in column C.

[ [Number of distinct CompositesincoumnC._—— T o[ o[1] 5 7 [0 ]
[ [Number of repeated Composiesineolumn & 0| o [0 | o 21 o 4ol c 6] 5]

[ OEIS | Column Cin the QMTL Quadrant Square Multplication Less Zero Table ~>| 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7 | &8 | o | 10|
[R900004 [Number of Zero numbers unil column&. [0 [ 0 [ 0 | 0 | 0 [ 0 [0 [0 00 0]
nn-nnnnnnnn
_ | 8 [ 8] 8] s |
_nn--m-

Number of terms until column C.

I \umber of distinct Semiprimes or PrimeA3 until column C. 19 19

—nnnn--- | 6 [ 8 [ 10]

A \umber of distinct Composites with more than 4 divisors until column C. 17 26 35 46

[ [Number of Semiprimes or PrimeA3 unticolmnnC. | 0 | 0 | 1 | 4 |
[ [Number of Composits with more than 4 divisors untl calamn €| 0 | 0 | 0 | 0 ]
[Number of distinct Compostes untilcomnG. [ 0 [ 0 | 1 | 4|
[ [Number of repeated Composites umicolumn €| 0| 0| 0| 0]

Percentage] _Column C in the QTLZ Quadrant Square Multiplication Less ZeroTable —>| 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 [ o [ 10|
[ A |Percentage of Zeromumbers unficounn C._______________ || 0% | 0% | 09
| B [Percentage of Unit number untilcoumnC. | | 25% ]

| C [Percentage of Prime numbersuntilcoumn C.__ | | o% |sox[4a%]25%]24% | 17%] 16%[13%]10%] 8% |
|0 |Percentage of Composte numbers unti coumn €|
[t [PercentageoftermsunticomnC__________________________|___[100%[100%]100%[100%]100%[ 100%]100%[ 100%] 1 00%[ 100%]
I - centage of distinct Semiprimes or PrimeA3 until column C. 100% 45% 56% 34% 43% 31% 26% 21%

| G [Percentage of repeated Semiprimes or Prime~3 untilcomnC. | | | | 0% 1 18% ] 11% ] 14%]10% ] 11%]11%]11%]

Percentage of distinct Composites with more than 4 divisors until column C. 0% 36% 33% 45% 43% 47% 49% 51%

Percentage of Composites with m n 4 divisors until column
| M [Percentage of repeated Composites untilcolumnC. [ [ [ [ 0% [18%[11%[21% ] 15% ] 22% 25% | 29%]|
Figure 1. Results from the QMTLZ - One Quadrant Square Multiplication Table Less the
Zeroes.

The behavior of the composite numbers in table QMT and QMTLZ are identical.
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2.5 The FMT - Full Multiplication Table

The “FMT - Full Multiplication Table” is the real complete square multiplication table. It has

all the Integers: the positive, the negative, and the Zero.
The FMT is the result of 4 QMTLZ plus the vertical and horizontal lines of Zeroes.
So, FMT = (4 x QMTLZ[C] + 4C) + 1.
QR - - o < B

45 40 25

- o - B -
- i - B - -
o

Figure 1. The FMT - Full Multiplication Table.

The FMT is covered by all hyperbolic lines Y[y] = xy in all quadrants.
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2.5.1 Conclusions from the FMT - Full Multiplication Table

We get the following results:

Column C

[ 4 1 4 [ 4|

—nnnnnnnnnnn

| |Number of Prime numbersincoimnC. [ o [o[8]8fof[8]o[s8]o]ol[o]
28

I \umber of distinct Semiprimes or PrimeA3 in column C.

—nnnnnnnnnnn

I \urmber of distinct Composites with more than 4 divisors in column C.

[Number of Semprimes or Primen3 mconC. [ 0 [0 [ 4 [ 12 ] [ s |
——Nmber of Composies with more than 4 svsorsmesim € T o [0 [0 [0 68 |36
[Number of distinct Compostes ncomnG. [0 [ 0 [ 4 |

[ [Number of repeated Composhesincolumn €. 0| 0| 0] 0| & [ 0 16| 0]

[OEs | Column Cin the FT Full Multplicatin Table —>| 0|

(7016513 [Number of Zero mumbers uni column €. [ 1]

55731 [Namber of Ut amber sl colamn €T o |4 {4 & 4 4 4 ENEN
" [Number of Prime numbers unticolomn &[0 | 0 | & | 16 | 16 | 24 | 24| 37|
| s —— 1 85 6 W1 M
17 e e =2 N N 2

_ Number of distinct Semiprimes or PrimeA3 until column C. 4 16 20 40 40 68 76 76

—nnnnnnmm

I \umber of distinct Composites with more than 4 divisors until column C. 16 24 52 68 104 140 184

[ Number of Semiprimes or PrimeA3 unticomnC., | 0 | 0 | 4 | 16 | 28 [ 48 [ 56 |
[ [Number of Composites with more than 4 dvisors unticolmn €| 0 [ 0 | 0 | 0 | 16 [ 24 607
[Number of distinct Compostes unticomnG,_____————— [ 0 [ 0 [ 4 |
[ [Number of repeated Composites unlcolmn €. | 0| 0 | 0 [ 0 | 5 | § |2

Column C in the FMT Full Multiplication Table --> “

“ ercentage of Composite numbers until colum
Percentage of terms until column C.

PercentageofdistinctSemiprimesorPrime/\3 until column C. 100% 45% 56% 34% 43% 31% 26% 21%

[ [Percentage of repeated Semiprimes or Primen3 unlcomn C. — ||| 0% | 18%] 11%] 14%] 105 11| 1% | 11}

Percentage of distinct Composites with more than 4 divisors until column C. 0% 36% 33% 457 43% 47A 49% 51%

%[ 56% ] 63%

s 326 [ 255 055 ]

Percentage of distinct Composites until column C
Percentage of repeated Composites until column C. ---

Figure 1. Results from the FMT - Full Multiplication Table.

The composite numbers behavior of the FMT is identical to the sum of two positive QMT
and two negative QMT.
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2.5.2The hyperbolic grid of the FMT

From figure 3. in the study [The Hyperbolic Sieve of Primes and Products xy], we showed only
the 1 quadrant. We can now extend it to all 4 quadrants. See the result in the XY plane.

Figure 1. The FMT in XY plane

See this result in table format:

100

10 2 | | 1 2 3 4 |5 6 7 8 9 10

40 60 [EON 100 WL 140 160 180 200
38 57 76 95 114 133 152 171 190

36 54 IEZEEEIM 108 126 144 162 180

34 51 68 85 102 119 136 153 170

152 -133 -114 95 -
-162 -144 126 -108 IEENNIEZN 54 -36

-153 -136 -119 -102 -85 -68

-144 -128 -112 - - 32 64 WEIM 96 112 128 144 160
-135 [EF 105 IERE 75 EXE 45 60 75 [HEIM 105 135 150
-140 -126 -112 -98 -84 -70 - 28 I 70 84 98 112 126 140
-104 91 -78 -65 -52 -39 -26 | 26 39 52 65 78 91 104 117 130

96 -84 2 60 BN 36 B 36 WM 60 84 96 108

44 55 66 77 83 [IEEHEEIN
60 70 BEOMEERE 100

-77 -66 -55 -44

50  -40 - ECl 40 5o

45 -36 18 27 36 45 54
16 3240 | 56 | [ 80 ]
14 21 28 49 [El 70
18 42 54 60

Il 15 | 20 45 50
Da 2 W 36 40
| 6 _JiE)

8
27 IEE 27 18 HB

36 32 28

45 40 30 - [ 15 ]

54 36 15 BN : 18 [
70 28 21 14 - 21 -28
s [780| 7> JNZH 56 [45 RTINS 16 T 16 32

EREN s EZNEN s4 45 36 27 18 -18 -27 -36 45 54
100 JERMREEN 70 60 50 40 EGll 40 50 -60

88 77 66 55 44 33 22 33 44 55 66 77
108 96 84 EEM 60 NN 36 LN -36 -60 -84 BEY 120
117 104 91 78 65 52 39 26 39 52 65 -78 -91 -104 -117 -130
126 112 98 84 70 28 IEZEETA 0 -84 -98 -112 -126 -140

150 135 105 [MEGM 75 60 45 [HEIM - -60 -75 [EELH -105 EFD) 135 -150
160 144 128 112 96 JEIM 64 32 -64 EON -96 -112 -128 -144 -160
153 136 119 102 85 68 51 34 51 -68 -85 -102 -119 -136 -153 -170
162 144 126 108 IELMIEZE 54 36 36 -54 EZEIEEDRN 108 -126 -144 -162 -180
190 171 152 133 114 95 76 57 38 38 -57 -76 -95 -114 -133 -152 -171 -190

200 180 160 140 WELN 100 BEM 60 40 | -40  -60 [EEIN -100 EFIN -140 -160 -180 -200

Figure 1. The Hyperbolic Lattice-Grid with its hyperbolas xy = Integer in all quadrants

The equations of the hyperbola’s lines are of the form xy = Integer.
The equations of the Composite Generators lines are of the form x = +y + k.
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Note that we base this entire structure on the three central elements [0,0,0].
In the verticals and horizontals, we have a linear function (or a quadratic function with a

coefficient a = 0).

In the verticals, we have the sequences Y[y] = by. Because b = x, then Y[y] = xy.

In the horizontals, we have the sequences Y[y] = yb. Because b = x, then Y[y]| = yx.

In column zero and row zero, we have only the Zero numbers.

In columns and rows +1, we have all the Integer numbers OEIS A256958. In these
two columns and two rows are the only sequences that will appear all the Prime
numbers.

In columns and rows +2, we have all the Integer numbers in the form of 2n. Positive
and negative Two are the only Primes in these sequences. The Primes are next to Zero.
In columns and rows +3, we have all the Integer numbers in the form of 3n. Positive
and negative Three are the only Primes in these sequences. The Primes are next to
Zero.

In columns and rows +4, we have all the Integer numbers in the form of 4n. There are
no Primes in these sequences.

In columns and rows +5, we have all the Integer numbers in the form of 5n. Positive
and negative Five are the only Primes in these sequences. The Primes are next to Zero.
In columns and rows 6, we have all the Integer numbers in the form of 6n. There are
no Primes in these sequences.

In columns and rows +7, we have all the Integer numbers in the form of 7n. Positive
and negative Seven are the only Primes in these sequences. The Primes are next to
Zero.

In columns and rows 8, we have all the Integer numbers in the form of 8n. There are
no Primes in these sequences.

And so on...

2.5.3Conclusion

The Full Multiplication Table is a hyperbolic lattice-grid.
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3 Definition of HYPERBOCTYS:

The FMT gives us a clue of a general hyperbolic structure with the following algorithm:

VALUE

VALUE VALUE VALUE VALUE
VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE
VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE
VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE
VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE
VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE
VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE
VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

i-5 i-4 i-3 i-2 i-1 i i+1 i+2 i+3 i+4 i+5
h h h h h h h h h h h
g+5 g+4 g+3 g+2 g+1 g g-1 g-2 g-3 g-4 g-5

VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

7 VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

“ VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE VALUE

Figure 1. The hyperboctys structure algorithm. The verticals are quadratics based on the 3
consecutive elements [Y[—l], Y[0], Y[1]].

Each column is a 2"-degree polynomial equation of the form
Y[yl = ay?+by+c
The coefficients are determined by 3 consecutive elements of the vertical sequence
[Y[—l], Y[0], Y[1]] = [x1, X5, x3]. The quadratic equation is

X1 —2X%X, +x X2 — X
[x1, %2, %3] = Y[y] = <%) }’2 + (%)y + X,
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As we increase the value of the column from left to right, to maintain the same hyperbolic
structure of FMT then, the 3 consecutive elements of the vertical sequence [Y[—l], Y|[0], Y[l]]
need to vary:

e Y[1] = x5 increase its value by one unit
e Y[0] = x, keeps its value constant
e Y[—1] = x; decrease its value by one unit
Then, for each column C we have:
8+ 3,hi— 3] = Yor_ly] = (g 2h + 1)
_ g- 2h +i
[+ 2.1 = 2] = Yor—ly] = (5 —)

2
2h+1 i—
[g+1Lhi—1]=Yec=_yqlyl = <§—f—ﬂy”+< g—Qy+h

8011 = Yacoly] = (557 2 + (5 E)y +

2h +1i
[e—1,hi+ 1] =Yaculyl = (g 5 )y”+G—§ Qy+h

_ g-2h+i
[g—2,h,i+ 2] =Yac=lyl = ( )y2+(—— 2)y+h

2h+1
[g—3,h,i+ 3] =Yac=3lyl = (g )y2+<T 3)y+h

Generically, we will denote any vertical as bemg

2h+i i—
g—cmj+qzymz{ij?—)w+(7§+ﬂy+h

3.1 Hyperboctys notation

Because just 3 central elements from column Zero [Y[—l], Y[0], Y[1]] = [x1, x5, x3] = [g h,i]
determine all the hyperbolic grids, then just the 3 central elements [Y[—l],Y[O],Y[l]] =
[x1, x5, x3] = [g, h, 1] determine any hyperboctys.
So, we will determine and note any hyperboctys as being
HS[Y[—l], Y[0], Y[1]] or HS[x4, x5, x3] or HS[g, h, 1]

3.2 The parabolic origin of hyperboctys

Any hyperboctys HS[g, h, i] will have verticals with quadratic equations given by

-2h+i i—
g—cmj+qzyup{i—f—jﬁ+(7§+gy+h

being C the column of the hyperboctys.
Fori = g, then
Y[y] = (g—h)y*+Cy+h
We will define the quadratic origin of hyperboctys where i = g, and C = 0.

20



3.3 Some operations with hyperboctys

We can do several operations with hyperboctys. The rule is to keep the hyperbolic grid. The
operations will change the mosaic of the tessellation keeping the hyperbolic grid.
We will see its behavior when we submit for some basic operations.

3.3.1Addition or subtraction with hyperboctys

Being
HS,[g+n,h+n,i+n]=HS[g,hi]l+n
Then,
-2h+i i—
g-Chi+cl =yl = (32 y2 + (24 ¢)y+h
-2h+i i—
[g—C+nh+ni+C+n] =Yy =<gT)y2 (Tg+C)y+h+n

So,

Lyl =Yi[y] +n
Example 1: FMT + 1 = HS[0,0,0] + 1 = HS[1,1,1]

ENENEN
-50 -40 ENEI] -10 10 40 50 \ -49 -39 m -
” BHE

-45 -36 -27 -18 18 27 36 45 El 44 EE
B 40 324 16 16 32 40 Bl 30 ENE
A= 28 21 14 14 21 28 [EHN

- A 3+ 27 B
6 | 3024 |88 12] - 12 JREY 24| 30 [ o |
-25 FOIEHE -10 B

| 4 19 :
\- ik ENEIEIE

[ -2

B s IE1 0 BA
[ 3 9
Bl s 21 16 BN
ESEN 25 IEEE
A 36 FEN 22 §5

=0 -10
: -9
2o i 2 [ -+ EJIEH 16 BN

I 25 10 =l - 208
[ -6 |30 [24 Ky 12 : s EXIE
28 21 14 - 14 21 28 [EH

Bl /0 32 16 TN -16 XN 32 -40 BN 33 25 - -31 |8
El 4 36 27 18 9 -9 -18 -27 -36 -45 Bl 45 28 BEN 10 THEF 26 EH 44
B 50 40 [EREE™ 10 -10 -40 -50 [ -10 BN 31 11 -9 BEEIEE)N -39 -49

Example 2: HS[4,0,4] + 41 = HS[45,41,45]
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333 EEH] 351 ELY 369
264 [P 280 PXX] 296
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68 76 JEDN 84
39 45 51

\391411
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248232216

Bl 369 E0) 351 EEA 315 ENd 297 PEE 279 BN 410 EI0) 392 EEE] 374
B 450 ZZ0] 430 |ZE 410|400 390 EEIY 370 ELE 350 BIEERD 481 471 EE 451

441|451 130 471 481

365|374 [EEE] 392 ZIgl 410
297|305 EXE] 321 329 EEH
237|244 P30 258 265 FA
203 209 215
IH3 161 166
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86 LN 92
63 [l 67
] 49] 50 ]
41 41 4
42 [41ED

105 Jiee)
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Ed o3 EE 85
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EEEIH 161 155
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2371230

3.3.2Multiplication or division of the hyperboctys by a constant

To maintain the hyperbolic grid, multiplication by Integer proceeds like this

HS,[ng,nh,ni] =n=* HS,[g, h,i]

C)y+nh

Then,
-2h+i i—
[e—Chi+Cl =Yyl = (gT)y2+<Tg+C)y+h
ng - 2nh + ni ni —n
[ng — C,nh,ni + C] = Y,[y] = <gf)y2 +<Tg+
So,

Yo lyl = nYi[y] + Cy
There is a change in the offset (coefficient b).
Example: HS[13,11,11] * 2 + 1 = HS[26,22,22] + 1 = HS[27,23,23]
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SN 21 22 252627

111 11 11 111 11 11 11 22 | 2222 222222222222

| 18 ] 16 [ 14 [ n 8 N 28 | 27| 26| 25 |22 22 [ 21

- 11 40 38 36| 34|32 [EN 28 26 20
-3832\26 55 52 49| 46 [ZEN 40 [EF 34 [EID
51 39 [EB 27 lﬂlll 82 78 74 70 66|62 |58 54 50 46 [EEH

Bl 66 IBRIEA 51 46 26 21 16 N 102 XA 92 87 82| 77 62 57
[ 6 [ 83 A 71 M Il 136 130 124 118 112|106/100 94 88 82 76
Bl 102 95 838 81 74 46 39 32 Bl 169 162 155 148 141|134 EENEEE] 106 EER
Il 123 115 [EEE] 91 51 BN 206 198 190 ] 174]|166/158 150 142 134 126
BN 146 [EH 128 119 IR o2 IEEN 74 65- EN 247 238 pFE] 220 184 175 166 A4

70 REANSEEN 151 REAR 137 EEXIRARE 101 ELIE:IN 71 BI 292 282 PR 262 252

22

242|232 222 212 202 192



0 [1 ]
3213 EEEJEEE] 243 253
BN 122 1Bl 140 (R 158 167 176 185 194 203 212
111 119 [F 135 |EEIEE 159 B 175
7 114 121 128 135 142

80 JEERl101]107]113]
68 [EEN 78 [EEN 88

51 55
35 X 44

o 20 23 24

23 23 23 23 23 23 23 23 23 23 23

32 31 30 29 m R 22 ]

62 50 B 38 32
75 [l 59 IETIEN 47 | 43

98 93 88 [IEEN 78 EEN 68 [EN 58
ﬂ-125119 9s [EENEEEN 77
IEA 1 70 EEIEANES] 142[135[128 121 114 [iF 100
BN 207 [EEIRER 183 1750 159 IEREEE] 135 EA

248 PEE] 230 221 212

=
273 XE] 253|243

194 185 176 [l 158

PEEIERE] 213 203 [EH

23



3.3.3Full CCW rotation of s steps in hyperboctys

Let’s define the full CCW rotation of s steps in HS, [g, h, i] the new hyperboctys

HS,[g + s,h, i+ s]

2

)y+h

Then,
-2h+i i—
g Chis = ni = (B2 ) e (1B
-2h+i i—
[g—C+shi+C+s] =Yyl =<gT+s)y2+<—g+C)y+h
So,

Y[yl = Yi[y] + sy?

There is an increase in coefficient a by s, remaining unchanged the other coefficients.
Example 1: rotate HS[41,41,41] one step CCW will result in HS[42,41,42]
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Variation of the sequence angles from HS[n, h,n] to HS[(n + 1), h,(n + 1)]

Variation of sequence angles in full CCW rotation (in degrees)

HS[n,h,n]
y
157105931 ] 9 | 1 16,3401917]
163401917 8 | 1 17,1250163
170250163 7 | 1 [8,1301024]
181301024 6 | 1 19,4623222 |
194623222 | 5 | 1 ]11,309932]
111300932 4 [ 1 [14,036243
114036243 ] 3 | 1 [18,434949 |
118434949 | 2 | 1 126,565051 |
126565051 | 1 | 1 | 45 |
45 | o [ v | 90 |
90 [ o [ 1 | 135 |
135 | 2 [ 1 1153434095
115343495 3 | 1 ]161,56505
116156505 | 4 [ 1 ]165,96376
116596376 | -5 | 1  [168,69007 |
116860007 | 6 | 1 ]170,53768
-7 | 1718699 | 8 [ 3  [172,87498]

| 8 | 1 [17287498] 9 | 4  [173,65981 |
| -9 | v [17365981] 10 | 5  [174,28941 |
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3.3.4Full CW rotation of s steps in hyperboctys

Let’s define the full CW rotation of s steps in HS; [g, h, i] the new hyperboctys

HS,[g — s, h,i —s]
Then,
-2h+i i—
[g-Chi+Cl=Y[y]= (gT)y2+<Tg+C)y+h
-2h+i i—
[g—C—shi+C—s]=Y[y]= (gT—s)y2+<Tg+C)y+h
So,
Y, [yl = Yily] — sy?

There is a decrease in coefficient a by s, remaining unchanged the other coefficients.
Example 1: rotate HS[—13, —13, —13] one step CW will result in HS[—14, —13, —14]
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3.3.3Variation of the sequence angles from HS[n, h,n] to HS[(n — 1), h, (n —
1]

Variation of sequence angles in full CW rotation (in degrees)
HS[n,h,n] HS[(n-1),h,(n-1)]

y
0
6,3401917
7,1250163
8,1301024
1
14,036243
18,434949
4 26,565051

9,4623222
11,309932

|45 |
|90 |
EE
153,43495
161,56505
165,96376
168,69007
170,53768
171,8699
72,87498
73,65981

I
7 [ 1
T S B
4 ] 1
|3 [ 1
|2 [ 1
I S
2 [ 1
3 [ 1
I S B
T I B
|7 ] 1
0 | 1 ]

—_—
n
(%]
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3.3.4Half-step CCW Rotation with hyperboctys

Let’s define the half CCW rotation in HS,[g, h, i] the new hyperboctys
HS,[g,h,i+ 1]

Then,
-2h+i i—
g-Chi+a=hbl = (B2 )y (ZE i )y o
_ g-2h i—g
[g—Ch,i+ C+ 1] = Y,[y] =<T+05)y +<T+C+05)y+h

So,

Y,[y] = Y1[y] + (0.5y% + 0.5y)
There is a change in both coefficients a and b by 0.5.

Or we can define the half-step CCW rotation of the new hyperboctys
HS;[g + 1,h,i]

Then,
-2h+i i—
[g—Chi+C] =1yl = (gT)y2+<Tg+C)y+h
) g-2h+i i—g
[e—C+1,hi+Cl=Y[y]= <T+0.5)y2+<T+C—O.5)y+h
So,

Y,[y] = Y1[y] + (0.5y% — 0.5y)
There is a change in both coefficients a and b by 0.5. In this case, the results are inverted

concerning the former result.

Example 1: rotate FMT = HS[0,0,0] half-step CCW will result in HS [1 0,0]
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3.3.5Half-step CW Rotation with hyperboctys

Let’s define the half CW rotation in HS; [g, h, i] the new hyperboctys
HS,[g,h,i—1]

Then,
-2h+i i—
[g—C,h,i+C] = Y1[}’] = <gT)y2 +<Tg+C)y+h
-2h+i i
[g—Chi+C—1]=Yly] = (gT—O.S)y2+<Tg+C 05)y+h

So,
Y,[y] = Y1[y] — (0.5y2 + 0.5y)
There is a change in both coefficients a and b by 0.5.
Example 1: rotate HS[42,41,42] half-step CW will result in HS[42,41,41]

-1,5 -0, 5
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N 145 1EF 129 121 [§E 69 [ANEEN 45 EF

CYAEEN 81 2N 65 | -3 k4 109]1071 JEERNE:E
BRI 158 [EE] 140 [EX WE] 104 95 86 77 ERIED 122 [E] 104 95
BIENEE 171 161 EERN 140 RN 121 111 (I o1 146 136 126 116 106| 96

Or we can define the half-step CW rotation of the new hyperboctys
HS;[g — 1, h,i]

77 68 [N so EZIN

86 76 66 46

Then,
-2h+i i—
[g—Chi+C] =Yyl = (gT)y2+<Tg+C)y+h
-2h+i i—
[e—C—1,h,i+C] = Y,[y] =<gT—0.5)y2+<Tg+C+05)y+h
So,

Y,[y] = Y;[y] - (0.5y% — 0.5y)
There is a change in both coefficients a and b by 0.5.
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4 The theorem of the element Zero

The quadratic general equation is
(Hhx=ay*+by+c
The roots will be given when x = ay? + by + ¢ = 0.
Let’s multiply both sides by (22a):
(2%2a)(ay* +by+¢)=0
(2Qay)? + 2.2ay.b + 4ac =0
(2ay)? + 2.2ay.b = —4ac
(2ay)? + 2.2ay.b + b? = b? — 4ac
(2ay + b)? = b? — 4ac
2ay + b = +/b? — 4ac
2ay = —b + v b? — 4ac
The two roots are given by:

@)y, =" e
Then,
B)ay?+by,+c=0
And,

4) ayz+by,+c=0

4.1 Analysis for integer coefficients a, b, ¢

Considering the first root, let’s analyze the difference (1)—(3):
x=a(y?—-y{)+ by —y)
x=ay+y)—y)+bly—y)
x =y —y)laly +y,) +b]
There are 2 factors in this product. The multiplier is (y —y;). The multiplicand is
la(y +y1) + b].
Let’s analyze the possibilities of the multiplier factor.
If y — y; = 0 then, x = 0 which is the element Zero in the sequence.
If y —y; = 1then, x = a(2y; + 1) + b which may be a positive or negative Prime number.
If y—y; =—1 then, x = —a(2y; — 1) — b which may be a negative or positive Prime
number.
For any |y — y;| > 1 if the multiplicand is not Zero then, x = composite.
Let’s analyze the possibilities of the second factor.
Ifa(y + y;) + b = 0 then, x = 0 which is the element Zero in the sequence.
Ifa(y +y;) + b = 1 then,
ay+ay, +b =1
ay=—ay; —b+1
—b+1

y=-y1+

b—1
x =2y, ——
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which may be a positive or negative Prime number.
Ifa(ly+y,)+b=-1
ay+ay, +b=-1

which may be a positive or negative Prime number.
For any a(y + y;) + b > 1 if the multiplier is not Zero then, x = composite.

Considering the second root, let’s analyze the difference (1)—(4):

x=a(y?—y3)+b(y—y2)

x=a(y+y)y—y2) +b(y —y,)

x =y —y)laly +y,) +b]
There are 2 factors in this product.
Let’s analyze the possibilities of the multiplier factor.
If y — y, = 0 then, x = 0 which is the element Zero in the sequence.
If y —y, = 1 then, x = a(2y, + 1) + b which may be a positive or negative Prime number.
If y—y, =—1 then, x = —a(2y, — 1) — b which may be a negative or positive Prime

number.
For any |y — y,| > 1 if the multiplicand is not Zero then, x = composite.
Let’s analyze the possibilities of the second factor.
If a(y + y,) + b = 0 then, x = 0 which is the element Zero in the sequence.
Ifa(y +y,) + b = 1 then,
ay+ay,+b=1
ay =—ay,—b+1

—-b+1
y=-y,+ a

b—1
X =—=2y,— a

which may be a positive or negative Prime number.
Ifa(ly+y,)+b=-1
ay+ay,+b=-1

—b—-1
y=-Yy,+ a

b+1
X =—2y, — a

which may be a positive or negative Prime number.
For any a(y + y,) + b > 1 if the multiplier is not Zero then, x = composite.
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4.1.1 Conclusion for integer coefficients a, b, ¢

There will be a maximum of 2 Prime numbers for each element of value Zero in a quadratic
sequence with Integer coefficients, next to the Zero.

4.2 Analysis for coefficients a, b equal to %‘d and integer c coefficient

Considering the first root, let’s analyze the difference (1)—(3):
x=ay?-yi)+bly—y)
x=aly+y)y—y)+bly—y)
x = —y)laly +y1) + b]

If a and b are %, then

_2k+1

4=

_2h+1

2

2k +1 2h+1
x=Q-y) 5 +y)+ > ]

1
X = E(Y‘)’1)[(2k+ Dy +y) +2h+1]

There are 2 ways to see the 2 factors in this product.

Ist way: the multiplier is (y — y;). The multiplicand is [(2k+1)(y+y1)+2h+1

2

] and

2nd way: the multiplier is (y—Tyl) The multiplicand is [(2k + 1)(y + y;) + 2h + 1]

Let’s analyze the possibilities:

If y — y; = 0 then, x = 0 which is the element Zero in the sequence.

= G _ 9ky, +k+y, +h+1 which may be a

If y—y,=1 then, x

positive or negative Prime number.
_ @k+1)(2y;-1)+2h+1
2

Ify —y;, = —1 then, x = 2ky, + k + y; + h which may be a positive
or negative Prime number.

If y—y; = 2 then, x = (2k + 1)(2y, + 2) + 2h + 1 which may be a positive or negative
Prime number.

Ify —y, = =2 then, x = (2k + 1)(2y; — 2) + 2h + 1 which may be a positive or negative
Prime number.

For any |y — y;| > 2 if the multiplicand is not Zero then, x = composite.

And so on.

. . dd . .
4.2.1 Conclusion for coefficients a, b equal to OT and integer c coefficient:

There will be a maximum of 4 Prime numbers for each element of value Zero in a quadratic

., 0dd . ... .
sequence with — coefficients, two positives, and two negatives, next to the Zero.
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S Composite Generator

Let’s define a composite generator polynomial (CG) as the polynomial that has at least one Zero
number as an element. We represent them in the form:
CG[y] = apy™ + ap_1y" *+... +azy3 + ay? + by
=y (apy" 1+ ap 1y 2+, +taz *y2 + ay + b)
So, the quadratics composite generators are of the form:
CGly] = ay® + by = y(ay + b)

Because of the theorem of the Zero, these are the sequences that always have zero or a finite
number of Prime numbers. Maximum of 2 Primes per each Zero number element in the quadratic
with Integer coefficients. So, any quadratic composite generator with Integer coefficients has
from 0 to a maximum of 4 primes.

In quadratics, given 3 consecutive elements of the sequence (Y[y,],Y[y.], Y[ys]) =
(%1, x4, x3), the simplest equation is

Y[y] = <%) y2 + (%)y + x,

If we set x, = 0, all the composite generators in quadratics will be of the form

CGly] = (%) 2+ (Xg ;xl)y _ y<<x1 ‘;X3)y N (x3 ;x1)>

We can detect a CG by the discriminant. Because A= b? — 4ac, when we have ¢ = 0 then,
A= b? and, VA= +b.
In terms of the 3 consecutive elements:
_xf + (4x)% + x5 — 2x,(4x,) — 2(4x)x3 — 2x1X3
B 4
X2+ x2 — 2x.x5

4
X3 — X1

W/ACG:i 2 :ib

This means that if VA is an Integer or an O;ﬂ then, the quadratic is a CG with Integer elements.

A

Acg=

dd . :
Note the case VA= OT cover the quadratics CG with Integer elements, but non-Integer

coefficients.

5.1 Consequences of the Composite Generator

In quadratics, the maximum quantity of elements Zero is 2.
For each element Zero in a CG with Integer coefficients, it is possible to have a maximum of
two Primes. All other elements will be Composite, Positive or negative One or another Zero.
For each element Zero in a CG with O;ﬂ coefficients, it is possible to have a maximum of four

Primes next to the Zero.
So, generically, any Composite Generator in quadratics with Integer elements has no Prime or
a maximum of 8 (eight) Primes as elements.
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5.2 Example of a Composite Generator

The quadratics Y[y] = 9y? — 8y have one element Zero.
The sequence is
{..,265,176,105,52,17,0,1,20,57,112,185, ... }
The only Prime in this sequence is 17 next to 0.
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6 The composite generators in the FMT

Because of the equation form of the hyperbolic grid, note that a polynomial curve of degree n —
1 represents a polynomial of degree n in the FMT-Hyperbolic Lattice-Grid:
Y[yl = any™ + an 1y P+ an ¥y P+t agy’ tay? + by + ¢
Y[yl = (any" ' +ap1y" 2+ +azy’+ay+b)y+c
Then, for ¢ = 0 we have
Y[yl = (any" '+ ap1y"? + -+ azy* + ay + b)y
Because Y[y] = xy then,
x=a,y" ' +a,_1y" i+ +azy*+ay+b

So, the line curve in XY plane of the form x = ay + b represents the quadratic Y[y] = ay? +
by + ¢ polynomial, the quadratic curve in XY plane represents the cubic polynomial, the cubic
curve in XY plane represents the quartic polynomial, and so on.

We will now find all the quadratic CG in the FMT.

6.1 The A000290 Square numbers in the FMT

Let’s construct the quadratic The Square numbers A000290. The Square numbers are all positive
numbers or all negative numbers.

The Square numbers A000290 and the Oblong numbers A002378 are the only two quadratic
Composite Generator with coefficient a = 1 that generate all its elements with a positive sign or
all with a negative sign.

All other quadratic Composite Generators with coefficient a = 1 always generate its elements
with a positive sign and others with a negative sign.

In the FMT hyperbolic lattice-grid, we represent the Square numbers A000290 as

z=y?orz=—y?

Because z = xy, the Square numbers A000290 in the XY plane are the two lines of the form

X=yorx =-y

They are the dots representing the positive or the negative Square numbers A000290 in our

hyperbolic lattice grid given by the sequences:
{...941,0,14)09,..}
{..,—/9,—4,-1,0,—-1,-4,-9, ...}

6.2 The A002378 Oblong numbers in the FMT

Now we construct the second quadratic: The Oblong numbers A002378. They are all positive or
all negative numbers.
In the FMT hyperbolic lattice-grid, we represent the Oblong numbers A002378 as
z=y’+yorz=—-y%+y
Because z = xy, the Oblong numbers A002378 in the XY plane are the four lines of the form
x=ytlorx=-y+1
They are the dots representing the positive or the negative Oblong numbers A002378 in our
hyperbolic lattice grid given by the sequences
{..,12,6,2,0,0,2,6,12, ...}
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{..,—12,-6,-2,0,0,—2,—6,—12, ..}

6.3 The A005563 (Square minus One) numbers in the FMT

Now we construct the next quadratic: The (Square minus One) numbers A005563. This sequence
has positive and negative numbers.
In the FMT hyperbolic lattice-grid, we represent the (Square minus One) numbers A005563
as
z=y2+2yorz=—-y%+2y
Because z = xy, the (Square minus One) numbers A005563 in the XY plane are the four lines
of the form
x=yt2orx=—-yx2
They are the dots representing the sequences
{..,15,8,3,0,—1,0,3,8,15, ...}
{..,—15,-8,-3,0,1,0,—-3,-8,—15, ...}

6.4 The A028552 (Oblong minus Two) numbers in the FMT

Now we construct the next quadratic: The (Oblong minus Two) numbers A028552. This
sequence has positive and negative numbers.

In the FMT hyperbolic lattice-grid, we represent the (Oblong minus Two) numbers A028552
as

z=y?+3yorz=—-y?+3y

Because z = xy, the (Oblong minus Two) numbers A028552 in the XY plane are the four

lines of the form
x=yxt3orx=—-y+3
They are the dots representing the sequences
{...,18,10,4,0,—2,-2,0,4,10,18, ...}
{..,—18,-10,—-4,0,2,2,0,—4,—10,—-18, ... }

6.5 The A028347 (Square minus Four) numbers in the FMT

Now we construct the next quadratic: The (Square minus Four) numbers A028347. This sequence
has positive and negative numbers.

In the FMT hyperbolic lattice-grid, we represent the (Square minus Four) numbers A028347
as

z=y? t4yorz=—-y*+4y

Because z = xy, the (Square minus Four) numbers A028347 in the XY plane are the four lines

of the form
x=ytdorx=-y+4
They are the dots representing the sequences
{..,21,12,5,0,—3,—4,-3,0,5,12,21, ...}
{..,—21,-12,-5,0,3,4,3,0,—-5,—-12,-21, ...}
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6.6 The A028557 (Oblong minus Six) numbers in the FMT

Now we construct the next quadratic: The (Oblong minus Six) numbers A028557. This sequence
has positive and negative numbers.

In the FMT hyperbolic lattice-grid, we represent the (Oblong minus Six) numbers A028557
as

z=y?+5yorz=—-y?+5y

Because z = xy, the (Oblong minus Six) numbers A028557 in the XY plane are the four lines

of the form
x=yx50orx=-y%5
They are the dots representing the sequences:
{..,24,14,6,0,—4,—6,—6,—4,0,6,14,24, ...}
{..,—24,-14,-6,0,4,6,6,4,0,—6,—14,—24, ...}

6.7 The A028560 (Square minus Nine) numbers in the FMT

Now we construct the next quadratic: The (Square minus Nine) numbers A028560. This sequence
has positive and negative numbers.

In the FMT hyperbolic lattice-grid, we represent the (Square minus Nine) numbers A028560
as

z=y2+6yorz=—-y%+6y

Because z = xy, the (Square minus Nine) numbers A028560 in the XY plane are the four

lines of the form
x=ytborx=—-y=+6
They are the dots representing the sequences:
{..,27,16,7,0,-5,-8,-9,—-8,-5,0,7,16,27, ... }
{..,—27,-16,-7,0,5,8,9,8,5,0,—7,—16,—-27, ...}

6.8 The A028563 (Oblong minus Twelve) numbers in the FMT

Now we construct the next quadratic: The (Oblong minus Twelve) numbers A028563. This
sequence has positive and negative numbers.
In the FMT hyperbolic lattice-grid, we represent the (Oblong minus Twelve) numbers
A028563 as
z=y2+7yorz=—-y*+7y
Because z = xy, the (Oblong minus Twelve) numbers A028563 in the XY plane are the four
lines of the form
x=ytxT7orx=-y+7
They are the dots representing the sequences:
{..,30,18,8,0,—6,—-10,—-12,—-12,-10,-6,0,8,18,30, ... }
{..,—30,-18,-8,0,6,10,12,12,10,6,0,—8,—-18,—-30, ... }
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6.9 And so on

We keep constructing quadratics interleaving the forms:

. (Square sequence minus (one Square element at a time)) numbers, and

. (Oblong sequence minus (one Oblong element at a time)) numbers.

This algorithm will produce in FMT Hyperbolic Lattice-Grid all quadratics of the form y(y £

n).

See the initial diagonals in the first quadrant in the picture:
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A

Figure 5. The FMT Hyperbolic Lattice-Grid with its diagonals representing the quadratics of

the form y(y £ n).

Again, in the FMT Hyperbolic Lattice-Grid, all the dots have their value defined by H[y] =

xy.
For example,



e The dot (x,y) = (4,3) has a value of 4 * 3 = 12.
e The dot (x,y) = (6,2) has a value of 6 * 2 = 12. And,
e Thedot (x,y) = (12,1) hasavalue of 12 x 1 = 12.

They have the same value because the hyperbola xy = 12 tie them.

Each dot has a different divisor pair. Here, there are 3 different dots with value 12. This means
there are only 3 quadratics of the form n(n * k) which have 12 as an element.

If we look in the diagonals, only n(n + 1) =12, n(n+4) = 12, and n(n + 11) = 12 have
the solution for 3 different values of the index n as an Integer.

If there is an Integer element common between any 2 quadratics, one hyperbola will link them
passing through dots (x,y) where x and y are Integers. Otherwise, there is no common Integer
element between the quadratics.

This idea is valid for any other function we may want to study. For example, the famous
Erdos/Brocard’s problem Square minus One = Factorial or n> — 1 = k.

Note that we have all the diagonals +45° in HS[0,0,0] representing the quadratics in the form
of y(y £ b). They represent the composite generators with coefficient a = 1.

Y[yl =CG =y*+by=y(y+b)
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6.10Summary of quadratics CG for |a|=1 in Hyperboctys HS[1,0,1]

-36 42 -49 56

x_ip 49 42 36
x_focus  -56 49 -42 36 30 36 -42 49 56
LR 1 1 1 1 1 1 1 1 1

A 225 196 169 144 121 144 169 196 225
Ival 15 14 13 12 112 13 14 15
cc N lojJofoflolololoJoJoJoJolololoJoJoJololololoJoJoJololo]lo]o]
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Sl o JEEN ' JETN 2s JETN sc JEEN o |

-35

63
34 32 45 | 90 [ 80 | 60 45 32
54 51 68 104 104 75 BEOM 64 68 51
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Table 1. Second-Degree CG's with |a|=1 Summary for HS[1,0,1] in the top and all verticals
in offset Zero in the bottom. See the Square and Oblong sequence A002620.
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6.11 Summary of quadratics CG for |a|=1

Degree CG's with |al=1 S ,11- A000290)
[2f [ 2 ] y(y-2f) [=]
H
[ v(y+2) [=]I
| v(y+a) [=]I

g [= [ A000250 |
]
=]
naa
=]
=]
=]

o | 1[= [ A005563
annna—a
J[ =] A0z8560

1] =] A0z8566

1[= ] A098603

1[ =] A09sea7 ]

1| = A09seas

3 [ = A098849 |

3 (yr10) [=] 0 11 24 1]
R = moomnmemees
& [ 7 [va [ 45 [y(yia) [=[C0 . 15 32 ]

(16 [ 64 [y (ys16) [=[( 0 . 17 36 1] = [ynesicy]

e ] 5 e

| -8 | - [ 63 , 64 , 63
IEIEIIEIEIEE E - _ [ 80 , 81 , 80 ]| =| A098850 |
[ 11| 100 [ y(y+20) [=[[ 0 , 21 , 44 ][=[yr2+20y] : : [ 99 , 100, -99 ][ =[A120071 |

Cv(yrzz) [=]1 0 .25, 45 1[=[yrerzzy JEYSNEERES 20, 121, 120 1[ =] At32764
[v(yez) [=]0 0 . 25 . 52 1= [yrer2y JEYSNRERES [0 [ 0 [=|(-T43. 144, 143 1[ =] Ar32766

v (yr26) [=]1 027, 56 1[=[yrzr2oy JETRNRERES 0 [ 0 [=|(768. 169 168 1[=] Ar32765
aa SV [0 [ 0 [=](-195. 19, -195 ][ =] At32770
o | [y (yr30) [=]T 0. 31 64 1= [yrz=30y JETRNRERES (224, 225 , 224 || = | A132777 |
vz [=]1 0 33 68 1[=[yrzrs2y JETRNRTINS 355, 256 255 1] A
m-aa a7 - .
(36 [ 324 |y (y36) [=[( 0 . 37 76 1] = [yrzracy JECRERERNS (323 324 323 ]

Dy (y38) [=]1 039, 0 1[=[yrzr3sy JETRNRERNS E G )

m [y (yr40) [=]C 0 . 41 . 84 1|=] 20 - (395, 400, 399 ]
aa 21 - eS| CI
v (yraa) [=]1 0. 45, o2 1[=[yrerasy [RYRNETENS L .
RO AR © > - (528 525 538 0[] A ]

4| a8 [ 576 |y (yea8) [=]1 0 491001 = |yrzsisy IRCRNREYINEYIN - <2576 | 0 | 0 | 0 =] 575 . 576 575 1:] A

>

OonED

>(>(>

>

Table 1. Second-Degree CG's with |aj|=1 Summary (from Square numbers sequence [1,0,1] -
A000290).

1 nna—a =] 2 . 0 . 2 i[=[Ao0z7s |
U PN A W CB IR ST 5 15 ONDEES I O B | 3

25 3 EINOEEEN - [0 =L 4 . © . -4 J[=[Aozess7]
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Dy (yrzr) [=]1 0 28, 58 1[=[yrevory JREANRVENRU - o 5. 8 [-180, 162, 180 )| =] A132769 |
== a5 s EINSEEATE - - s
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Dy (y33) [=]1 0. 34, 70 1[=[yres33y RERNRTRNRP - o 272 B N - e

(35 [306 |y (v+35) [=[( 0 . 36 . 74 1| = [yrzvasy JELRNRERNRERN - 72500 |8 o [=[(304 . 306 . s0ai[=] A ]

MEEN I N U TAN B MWW W BTy 37 1 1 ENNREEDE o [=[i390. 342 a0 [z A ]

[y (yr39) [=]0 0 . 40", 82 1| = [yAz-30y JECHNETINETIN - | 72550 |8 o [=[t 378 . 380, srei[=] A |

vyt [=]1 042, 6 1= [yrzwaty JRANNEETINETE - | +>--i20 |8 o M

(22 [ a3 w62 [y oz (=11 0 45, 50 [ =[yrovas, IOLINCREEN - | vo-v-sc: 8 [=]( 460 462 , 460 |
23 | 45 [ 506 [y (y+45) [= [0 . 46 . 54 [ = [ynzvasy [RERNETHECRN - | 7>, 50c |8 —o e
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Table 1. Second-Degree CG's with |aj|=1 Summary (from Oblong numbers sequence [2,0,0] -
A002378).

There is the separation between even and odd or between Square numbers sequence A000290
and Oblong numbers sequence A002378 because for |a]=1 there are 2 consecutive values of
coefficient b to change offset. As we saw in the Offset study, for each value of |a| there are b=|2a]
values in the same offset.
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36 |18 | 35 | 306 ]

y(y+14)
y(y+15)
y(y+16)
72 | y(y+17)
y(y+18)

y (y+20)

y (y+21)
21 | y(y+22)
y (y+23)

y (y+24)

y (y+25)

82 [y (yr27)
=28 [ 196 |y (v28) [ =]
210 [y (v+20) | =]
15 [ 30225 [y (y+30) [=] 0 31 64|
(31 [ 240 [y (y31) [=[( 0 . 32 . 66 1| = [yrz3ny]

ii

o

i

0,23,
0 , 24,
0, 25,
0 , 26 , 54
0, 27,
0 , 28, 58
0 29
, 30 , 62

o) wu
o )

o

= yvnzzey]

[ v(v+32) [=][ 0 , 33 , 68 I[=]vr2+32y]

[ 34 [ 17 [-33 [272 | y(v+33) [=][ 0 , 34, 70 ] =[yA2+33y]
[ v(y+34) [=][ 0, 35 , 72 1[=[yr2+34y]
[ y(v+35) [=][ 0 , 36 , 74 I[=]vr2+35y]

[ 324 [ y(y+36) [=][ 0 , 37, 76 1[=[yr2+36y]

[ 37 [ 342 [ y(v+37) [=[[ 0 , 38 , 78 1[=]vr2+37y]

361 [y (y+38) [ =1 0. 39, 80 1| = [ynes38y]
[380 [y (y+39) [=]1 0 40 . 82 I[=[ynzs30y]

[ 40 [ 400 [ y(v+40) [=[[ 0 , 41 , 84 I =]vr2+40y]

[ 420 [ y(yra1) [=] 0 , 42 , 86 1| =[yr2+4ly]
[ 441 [ y(yra2) [=][ 0 , 43 , 88 1[=[yr2+a2y]

[ 43 1462 [ y(v+43) [=[[ 0 , 44 , 90 I =]yr2+43y]

[ 484 | y(y+a4) [=][ 0 , 45 , 92 [ =[yr2+ady]
[ 506 [ y(yra5) [=[[ 0 , 46 , 94 1[=[yr2+asy]

[ 46 | 529 [ y(y+46) |=[[ 0 , 47 , 96 1] =yr2+46y]

[ v(y+47) [=][ 0 , 48 , 98 1[=[yr2+47y]
[ 576 | v(y+48) [=][ 0 , 49 , 100 I] = [yA2+48y]

| 49 1 600 | y(v+49) 1 =][ 0, 50102 ] =]y\2+49y]

y/\
E yA2-y-0

(=] v21 [0 ] 0] 0 |

OEIS

[=]
[ =] A000290 |

BN o = 2 . o . 2 I[-]Acoesrs]
(=l 0 . 1. 0 J[=Aus563]

= v2vz MO © (=l 0 . 2 . 0 J[=Ac8s52 ]
[= 22 [0 ] 0| 0 [=l 3 , 4 . 3 J[=|A0:8347]
Ol 0 || 4 . 6 . 4 I[=|Ao28557
=] 29 |0 0] 0 [=]I 8 , 5 , 8 J|=|A028560]
(Bl o [:=]( -10 1
[ v216 |0 1o 0o [=[( 15
PRl o [=[i 15 20
(=] va225 | 0 | 0 | 0 [=]i 24, 25 . 24 J[= A058603 |
OBl 0 [=[L 25, 30, 28 J[=[Al19412]
[=] V236 | 0 | 0 | 0 [=]I 35 , 36, 35 J|=| A098847 |
(Bl o [=[f 40, 42, -40
(=] yr2-49 [ o] o] o [=]I
0.5 IKEMEN
[=] _va262 | 0 10 0 [=]0
(Bl o [:=]l 70 , 72, 7
(=] va281 | 0| 0 | o [=]i 80, 81 , 80 J|=] A058850 ]
O 0 [=( 85, 00, 88 || AI32762 |
=] v22100 | 0 | 0| 0 [=[ 99

BRI
BINSEEEN
= vi2v20

EINSEELE
BINSEEEE
= vvse

[ v2y72 I

BEEEIN
BEZEEIE
BEZEEEN

Bl o =
[=] vr2-121 [0l o] o [=]I
Bl o =
(=] yr2-144 [0 ] 0] 0 [=]I

-108

-16

, -100 ,
, 110
120 ,
130,
143,

21,
132
144,

70 1[ =] A026563
75 1[ =] A0z6566
J[ =] A0z8569

I[=[ A32759
I[= [ A09s845 |
I[=[ A32760]

63 1= A09s549 |

0 I[=[As276 |

-99 1= A120071 |

108 1[ = [ A132763 |
720 1[ =] Ar32764]
150 1[ = [ A132765 |
143 1| =] AT32766 |

= [ vr2v-156 IR 0 | =[( 754 156 54 1[=| Av32767 |
=] 2169 | 0 | 0 | 0 |=]( 68 169 Tes |[=| Ai32768]

PRl 0 [ = (180, 162, 180 1] = [ A132769 ]
=] v2-196 | 0 [0 | 0 [=[( 19519 155 |[=] Ar32770]

BIETEELE
= [v2y-210 i
= [ vr2y-240 i

0.5 INEI
(=] vr2-225 [0 ] o] 0 [=]I
Bl o =
(=] yn2-256 [0 ] o] o0 [=]I

-208
-224

, 210
225,
238,
255 ,

-240
-256 ,

208 1] = Ar32771 |
224 1[ =] AT32777
238 1] = [ Av32773 |
2551 A

= [ vhev-272 AN o |=[(270. 272 270 1[=] A |
=] viz289 | 0 | 0 | o |=[iz8s. 269 2ss][=] A |

= [ v~2y-306 [
BIEREEL -
= [ vr2y-350

[l o [=][-304, -306, -304 ]
(=] yn2-324 [ o] o] o [=]I

-399

EYER
[l o [=]0 340, 342, 340 ]
(=] yn2-361 [0 ] o] o0 [=]I
Bl o =
(=] yn2-400 [0 ] o] o0 [=]I

-360 ,
-378 ,

-324 ,

-361 ,
-380
, 400

> >

[+]
H

ETER| 1 I

>

[v]
H

Se01[=] A ]
751 )
N

>|(>[>

[=[v2-v-420 NENMEN o [=[(-41s 420 418 )[=] A |
= vaaa1 | oo [0 [=[#0 a4 #ao)[=] A

BEEEGE
= [ v~2v-506 i

[l o [=][-460, -462 , -460 |
(=] yr2-484 [0 ] o] o [=]I
Bl o =
(=] yn2-520 [0 ] o] o0 [=]I
[ = yr2-yv-5s2 [NENCEN o [:=0

-504

-483 ,
, 506
-528 ,
-550 ,

484

29 4
-552 ,

> | >

[+]
H

Ze31[=] A ]
1]

sae1[=] A
Sso1[=] A ]

>|>|>|>

[ w2576 | 0 | 0 [ o [=[is75. 576 75 1[=] A ]

= 72600

numbers sequence - A002620).
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o5 AT

-598

, 600 ,

>

>

S [=] A |
Table 1. Second-Degree CG's with |a|=1 Summary (from Square and Oblong alternatively



7 Rotations of the FMT

Now we saw hyperboctys operations and composite generator, let’s see the behavior of FMT
in rotations.

7.1 The first CCW rotation of the Full Multiplication Table is the HS[1,0,1]

In this way, if we make a one-step counterclockwise rotation of FMT Hyperboctys HS[0,0,0]
we will get Hyperboctys HS[1,0,1].

A counterclockwise rotation, transforms the diagonals with a 45° inclination of the HS[0,0,0]
in the vertical position in the HS[1,0,1], and transforms the verticals of the HS[0,0,0] into
d1agonal slopes 135 (or —45 ) in the HS[I 0,1].

Figure 1. The hyperboctys HS[1,0,1] in XY plane, hyperbolas xy + y? = Integer

IS N I T A N T T (O O
[ b [0 9] -8]-7] | s 6 [ 7[8 ]9 [10]
| ¢ ol o] o [0 ] Lol o] ol ol o] o]
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144 162 180 198 216 234 252 270 373 396 414 432 450 468 486 504
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BERE 105 EERN 135 150 165 180 EHIIAK 270 285 300 315 330 345 [EW 375

70 84 98 112 126 140 154 RN NEH AN PZT 238 252 266 280 294 308 322 336

52 65 78 91 104 117 130 NEENEHS IERIREEN 208 221 234 247 260 273 286 299
36 60 84 96 108 192 204 216 228 252 264
22 44 55 66 77 165 176 187 198 209 220 231

10 40 50 60

18 27

140 150 160 170 180 190 200
108 117 126 135 144 153 162 171
88 96 104 112 128 136 144
70 77 8 91 98 105 112 119
54 60 66 2 78 84 BEM 96
40 45 50 55 60 65 70 75
40 44 52
27 33 36 39 |

16 18 Rldl 22 Rl

AR 9o [ 10 [
0 0o o0

22 M 18 16 14
36 33 27 A
52 44 40 36 32 28
70 65 60 55 50 45 40
78 66 60 54
119 112 105 98 91 84 77 70
144 136 128 WELN 112 104 96 88
171 162 153 144 135 126 117
200 190 180 170 160 150 140
231 220 209 198 187 176 165

264 252 228 216 204 192

299 286 273 260 247 234 221

336 322 308 294 280 266 252

375345 330 315 300 285
EE

88 77 66 55 44 33 22 I
96 84 [HEZM 60 36
117 104 91 78 65 52
140 126 112 98 84 70
165 150 135 105 IEKM 75
192 176 160 128 112 96
221 204 187 170 153 136 119
504 486 468 450 432 414 396 252 234 216 198 180 162 144
BEN 551 532 513 494 475 456 437 285 266 247 228 209 190 171
FIENEDN 580 560 540 520 500 480 460 [ZZONEHED EENNELON 340 320 300 280 260 BN 220 200

416 400 384 368 352 336 320
459 442 425 408 391 374 357

Table 1. The hyperboctys HS[1,0,1] in table format
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Now, the three basic elements [Y[—l], Y[0], Y[l]] = [1,0,1] are the base of this new
hyperbolic grid structure. In the verticals, we have the quadratic function with the coefficient a =
1.

The lattice grid remains hyperbolic, now with equations y? + xy = n.

Note that the construction algorithm for the lines remains the same.

Any element in row 1 results from adding 1 to the previous element, any element in row 2
results from adding 2 to the previous element, any element in row 3 results from adding 3 to the
previous element, and so on.

Following the variation of the sequence angles from HS[n, h,n] to HS[(n + 1),h,(n + 1)]
above, all the sequences in FMT HS[0,0,0] appear now in HS[1,0,1] rotated counterclockwise.

This ensures the continuity of the hyperbolic grid.
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7.2 The second CCW rotation of the Full Multiplication Table is the
HS[2,0,2]

If we rotate counterclockwise HS[1,0,1] we will get HS[2,0,2].
Here, the verticals remain quadratic functions, but now with coefficient a = 2.
Lattice-grid remains hyperbolic with equation Y (y) = 2y? + xy = n.
We rotate counterclockwise all the sequences.
And again, the constructlon algorlthm for the lines remams the same.

e

| 6 | -1 0 1
0o 0 0 nnnnnnnnn

660 680 700 720 740 760 780 800|820 JEZLN 860 880 900 920 940 [E[ 980
551 570 589 608 627 646 665 684 703 (722|741 760 779 798 817 836 855 874 893
486 504 522 540 558 576 594 612 630 648|666 684 EOFN 720 738 MM 774 792 810
425 442 459 476 493 510 527 544 561|578|595 612 629 646 663 680 697 714 731
368 384 400 416 432 448 464 480 496|512 [BFAHN 544 560 576 592 608 WFEN 640 656
315 330 345 JEEW 375 390 405 EEXN 435|450 465 480 495 510 525 540 555 570 585
252 266 280 294 308 322 336 350 364 378( 392|406 EEIM 434 448 [EIEN 476 490 504 518
234 247 260 273 286 299 312 325|338|351 364 377 390 403 416 429 442 455

192 204 216 228 AN 252 264 276 |[FXE| 300 312 324 336 348 E[AON 372 384 396

1000
912
828
748
672
[ 600]
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| 11 [ 132143 165 176 187 198 209 220 231242253 264 275 286 297 308 319 330 341 352
300
252
208
[ 168 |

00 [EEEBEFEN 130 140 150 160 170 180 190 | 200 [EAIM 220 230 I 250 260 270 280 290
EENEZE 1 IECEIEEN 108 117 126 135 144
ﬂ

64 \m 88 95
105 112 119 126 133 140

R s |

s e IEEECY 75 o0 M s 0z s
55 65 50 |
16

162171 180 189 198 207 216 225 234 243
136 144 152 160 WIEN 176 184 192 200

28 |
[ 50 | 40 25 o I
108 102 96 84 78 2 18

140 133 126 119 112 105
184 176 WEEN 160 152 144 136
234 225 216 207 198 189 180 171]|162]153 144 135 126 117 108

280 270 260 250 [ 230 220\190 180 170 160 150 140 lso\m 100 |

330 319 308 297 286 275 264 253|242]231 220 209 198 187 176 165 154
384 372 [EITM 348 336 324 312 300 [PEEN 276 264 252 EZI 228 216 204 192 180 WIEN
442 429 416 403 390 377 364 351|338]325 312 299 286 273 260 247 234 221 208
504 490 476 XA 448 434 EE 406 | 392|378 364 350 336 322 308 294 280 266 252
570 555 540 525 510 495 480 465|450 435 EFM 405 390 375 ME[M 345 330 315 300
640 2N 608 592 576 560 544 WEFLN 512 496 480 464 448 432 416 400 384 368 352
714 697 680 663 646 629 612 595| 578|561 544 527 510 493 476 459 442 425 408
792 774 A 738 720 PN 684 666 | 648|630 612 594 576 558 540 522 504 486 468
874 855 836 817 798 779 760 741| 722|703 684 665 646 627 608 589 570 551 532
BTl 1000 980 [EIA 940 920 900 880 860 JEZIN 820 | 800|780 760 740 720 700 680 660 640 620 TN

Table 1. The hyperboctys HS[2,0,2] in table format
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7.3 The generic rotation of the Full Multiplication Table is the HS[a,0,a]

This CCW rotation procedure is performed indefinitely. Here a is the rotation value and the
coefficient of 2nd degree of the vertical quadratics. They are all quadratic composite generators.

2 —
ay“+xy=n

[ a [ 3 [3 ]3] [ET T[] [ 3 [ 3]3]3 |
I I B I R I B T o [ 6 [ 7 [8[o]i0]
[ ¢ [ojo]olojolo]lololo]o o oloJolo]o]o]o]o]|o]o]
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Table 1. The hyperboctys HS[3,0,3] in table format
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Table 1. The hyperboctys HS[4,0,4] in table format
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Table 1. The hyperboctys HS[5,0,5] in table format
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Table 1. The hyperboctys HS[6,0,6] in table format
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8 Hyperboctys Rotation Characteristics

To maintain the Integers in the hyperbolic structure, there are two possibilities of hyperboctys
rotation:
e shift the same number of steps the two rows Y[1] and Y[-1] in opposite directions;
o In this case, if the coefficients of the quadratic equations of the hyperboctys are
Integers, then the resulting hyperboctys will also have Integer coefficients.

o If'the coefficients of the quadratic equations of the hyperboctys are O;ﬂ, then the

resulting hyperboctys will have O;ﬂ coefficients.

¢ shift one step only one of the two rows Y[1] and Y[-1] in any direction.
o In this case, if the coefficients of the quadratic equations of the hyperboctys are

Integers, then the resulting hyperboctys will have O;ﬂ coefficients.

o If'the coefficients of the quadratic equations of the hyperboctys are O;ﬂ, then the

resulting hyperboctys will have Integer coefficients.
Each counterclockwise (CCW) rotation increases the coefficient "a". Each CW rotation
decreases the coefficient "a".
Each hyperboctys rotation generates a new tessellation.
In the special case of the FMT=HSJ[0,0,0] that has the Y[0] row always with Zeros, as we do
the complete rotations steps, we obtain all the quadratic CG tessellations for each coefficient "a".
The rotation of the hyperboctys does not alter the hyperbolic properties of the lattice-grid. We
just deform the hyperbolic curves. This procedure is equivalent to the deformation of one triangle
into another triangle. All triangle properties remain unchanged.
This means that the properties of the prime numbers appearing in the FMT remain unchanged
whatever the rotation.
Whatever the hyperboctys with Integer coefficients equations the distribution of prime
numbers will always obey the following rules:
e Zeroes with no Prime number next to it.
e Zeroes with one Prime number next to it.
e Zeroes with two Prime numbers, one on each side next to it.

Whatever the hyperboctys with % coefficients equations the distribution of prime numbers

will always obey the following rules:
e Zeroes with no Prime number next to it.
e Zeroes with one Prime number next to it.
e Zeroes with two Prime numbers, one on each side next to it.
e Zeroes with three Prime numbers: one on one side and the other two on the other side
next to it.
e Zeroes with four Prime numbers, two on each side next to it.
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9 The polynomial sequences of repeated composites in the FMT

When we look at the hyperbolic lattice-grid of the FMT, it draws attention to the diagonal
45° (1: 1 slope) of distinct Square numbers and other diagonals of repeated Square numbers at
(1:4),(1:9), (1: 16),..., (1: n?).

As we are in a hyperbolic lattice-grid, each one of these lines represents a quadratic.

175 200 225 250 275 300 325 350 375 400 425 450 475 500 525 550 575

168 192 216 240 264 288 312 336 360 384 408 432 456 480 504 528 552

161 184 207 230 253 276 299 322 345 368 391 414 437 460 483 506 552 575

154 176 198 220 242 264 286 308 330 352 374 396 418 440 462 506 528 550

147 168 189 210 231 252 273 294 315 336 357 378 399 420 462 483 504 525

140 160 180 200 220 240 260 280 300 320 340 360 380 420 440 460 480 500

380 399 418 437 456 475

133 152 171 190 209 228 247 266 285 304 323 342

126 144 162 180 198 216 234 252 270 288 306 342 360 378 396 414 432 450

306 323 340 357 374 391 408 425

170 255

E!“

6 ‘ 8 12 14 15 W
Elelele el e oo oo e oo e oo e e e e oo e o
Figure 1. The distinct Square numbers in 1: 1 line and the repeated Squares distributed in
several polynomial lines

By continuing to focus only on Square numbers, we immediately realize that The Square
numbers sequences on diagonals (1: n?) cannot cover all repeated Square numbers.

See that repeated Squares form several other polynomial sequences of higher degree than
quadratics.

Also, it is possible to see that this formation has no end.

No finite number of polynomials will be enough to cover all the repeated Square numbers.

The same occurs for all other repeated composites.

In this introductory study of hyperboctys, we will only show some quadratics and quartics
formations of the repeated composites, leaving for the next study a more complete solution.
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9.1 The quadratics sequences of repeated composites in the FMT

9.1.1Repeated composites generated by the A256958 The Integer numbers
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Table 1. Linear functions y and (y — d) producing the quadratics y? — dy. Both linear
functions are determined by the same two elements [0,1].

Each factor y and (y — d) produce the same sequence A256958 The Integer numbers.

The two multiplications y(y — d) and (y — d)y generate the quadratics Y[y] = y? — dy in
the FMT.

All these quadratics are a line with the equation x = y — d, —oo < d < o in the XY plane
with 1:1 slope line.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. There is no difference between the factors (y — 0) and (y + 0).

All these quadratics for —oo < d < oo cover all elements of FMT. Therefore, they are the
equations of the formation of the FMT. So, we cannot consider any of them as equations of the
Quadratic sequences of repeated composites.
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1.2, Repeated composites generated by the A005843 The Even numbers
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Table 1. Linear functions 2y and (2y — 2d) producing the quadratics 4y? — 4dy. Both
linear functions are determined by the same two elements [0,2].

Each factor 2y and (2y — 2d) produce the same sequence A005843 The Even numbers.
The two multiplications 2y(2y — 2d) and (2y — 2d)2y generate the quadratics
Y[y] = 4y? — 4dy in the FMT.
All these quadratics are a line with the equation x = 4y — 4d, —o0 < d < o in the XY
plane with 1:4 slope lines.
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9.1.3Repeated composites generated by the A008585 The Multiples of 3

< <

A

EH [SISN A008585

A offset=d = 0 A offset=d = 1 A offset = d = 2 A offset=d =5 Aoffset=d = 6

A008585

1,5
1 e 2
[ o |
IENENETE ENER

[ 3 J o[ o J-6[0] 0] nnn {12 0 [ 0]
27 I EE 30 IZHIEE 720 21 630 18 [ 540
Pl 27 648 21 27 567 18 27 486 EEM 27 405 [HEE 27
21 504 18 432
18 21 378 31s EM 20 252 9 189 \“ 21
18 270 216 9 18 162 [HEH 18 108 N s
12 |15 JRE 15 WREEMN 6 [ 15 [ oo | 3 [15

9 108 ﬂ- 36 nn

ﬂ 9 54 [NEM o o HMONIEEN o 27

il A008585
~

H HH A008585

HHHg INCEYET

[SIESE A008585
Bl A147651
PN A008585

HH A008585

BN A008585

H HH A008585

HH HH A008585

HHHHH A016766
Sl |o | roossss
; N

EH CMN A008585

- - 18 - 162 -21 189 - 216 |- -
144 180 -18 [B 21 252 324
225 -18 HEl 270 - -27 m 405 \m 450 -33 [N 495
324 21 -18 378 B - 27 -18 486 [JEIM 18 540 -33 -18 594 -36 -18 648
21 21 441 EZH 21 so4 27 21 567 [EIM 21 630 33 21 693 -36 -21 JEEAM 39 -21 819
576  -27 648 [EHEZN 720 33 792 -36 864 -39 936 1008

-27 27 729 =N 27 810 B3 | 27 | 891 36 -27 972 -39 -27 1053‘ -27 1134 45 -27 1215

900 -33 EIM 990 -36 EEIN 1080 -39 1170 -45 1350 [ZENIERN 1440

©0

5

0

o

(=]

<
o
o
o]

27

21

18
s |

9

6

3!

(0]

-3

-6

-9

Table 1. Linear functions 3y and (3y — 3d) producing the quadratics 9y% — 9dy. Both
linear functions are determined by the same two elements [0,3].

Each factor 3y and (3y — 3d) produce the same sequence A008585 The Multiples of 3.
The two multiplications 3y(3y — 3d) and (3y — 3d)3y generate the quadratics
Y[y] = 9y? — 9dy in the FMT.
All these quadratics are a line with the equation x = 9y — 9d, —o0 < d < o in the XY
plane with 1:9 slope lines.
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9.1.4Repeated composites generated by the A008586 The Multiples of 4
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Table 1. Linear functions 4y and (4y — 4d) producing the quadratics 16y? — 16dy. Both
linear functions are determined by the same two elements [0,4].

Each factor 4y and (4y — 4d) produce the same sequence A008586 The Multiples of 4.
The two multiplications 4y(4y — 4d) and (4y — 4d)4y generate the quadratics
Y[y] = 16y% — 16dy in the FMT.
All these quadratics are a line with the equation x = 16y — 16d, —o0 < d < o in the XY
plane with 1:16 slope lines.

9.1.5Summary of repeated composites generated by linear Y[y] = sy

Yoylyl = 4y? — 4dy
Y3y [yl = 9y* — 9dy
Yy [yl = 16y? — 16dy

Yoy [yl = s2y? — s?dy
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9.2 The quartic sequences of repeated composites in the FMT

Because of the hyperbolic lattice-grid of the FMT:
e all vertical columns are linear;
e all horizontal rows are linear;
e all diagonal lines are quadratic.

Since the first diagonal is the symmetry diagonal of A000290 The Square numbers, then the
first repeated composites to appear repeatedly in FMT will be the composite elements of the
Square number sequence.

This means that the entire region between the 45° diagonal of symmetry A000290 The Square
numbers and the line formed by the first Square numbers repeated sequence is an area free of
repeated composites that only have distinct composites.

We will call this region of FMT free of repeated composites as "distinct-area". We color the
distinct-area with green in the figure below.
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Figure 1. The green region is the distinct-area in FMT.
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9.2.1Property of Oblong and Square numbers

The product of two consecutive Square numbers results in a Square number.
n?(n—1)% = (n(n — 1))2 = (Oblong)? = Square
The product of two consecutive Oblong numbers results in an Oblong number.
(n(n— 1)) * ((n + Dn) = n?(n? — 1) = Square(Square — 1) = Oblong
They start all repeated Composites in the multiplication table from the hyperbole lines.

9.2.2The first quartic sequence of repeated composites

The two edges of the distinct-area are the symmetrical sequence
{...,5184,3136,1764,900,400, 144, 36, 4,0, 0, 4, 36,144,400,900,1764,3136,5184, ... }

This is the sequence A035287 The Oblong numbers squared.

The equation is

(n(n - 1))2 =n?’(n—1)2=n?(n?*-2n+1) =n*—-2n3+n?

Because each element is an Oblong number squared, this means that these repeated composites
result from the product of two sequences A000290 The Square numbers one offset by one step
concerning the other. So, we can write for one edge:

A035287[n] = A000290[n] * A000290 [n — 1]

And for the other edge:

A035287[n] = A000290[n — 1] * A000290 [n]

A000290|A000290|A035287 A000290|A000290|A035287
yA2 (y-1A2 [ (y(y-1)A2 (y-1)A2 yA2 ((y-1)y)A2

] 100 121 12100 121 100 12100
81 100 8100 100 81 8100
64 81 5184 81 64 5184
49 64 3136 64 49 3136
36 49 1764 49 36 1764
25 36 900 36 25 900
25 400 25 16 400
16 144 16 9 144
9 36 4 36
4 4 4 4

wh_‘H_‘A@;

1 4
4 36 4 9 36
16 9 144 9 16 144
25 16 400 16 25 400
36 25 900 25 36 900
49 36 1764 36 49 1764
64 49 3136 49 64 3136
81 64 5184 64 81 5184
100 81 8100 81 100 8100

Table 1. The quartic sequences that form the two edges of the distinct-area result from the
product of two sequences A000290 Square numbers with a difference 1 between their offset.
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The product of two Square number sequences forms the 4th-degree sequence which delimits
the distinct area.

So, in hyperboctys, it is a 3rd-degree curve polynomial which delimits the distinct-area in XY -
plane.

9.2.3The second quartic sequence of repeated composites

The second quartic sequence of the repeated composites is Oblong number of the form
Square[n] * (Square[n] — 1)
The equation is
n?(n? — 1) = n* —n?
This is the sequence A047928 Oblong of the form Square[n] * (Square[n] — 1):
{..., 50400, 38220, 28392, 20592, 14520, 9900, 6480, 4032, 2352, 1260, 600, 240, 72, 12, 0, 0,
0, 12, 72, 240, 600, 1260, 2352, 4032, 6480, 9900, 14520, 20592, 28392, 38220, 50400...}
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9.2.3.1 The edge between repeated composites and distinct composites:
A307182

Except for the sequences A000290 Square numbers and A002378 Oblong numbers, all other
sequences of the form n(n + k) have negative elements.

Thus, we will define as the dividing line between the region that has repeated composites of
the region free of repeated composites as the sequence A307182.

The sequence A307182 results from the interlacing of A035287 Oblong squared =
Square[n] x Square[n — 1] = Oblong[n] * Oblong[n] = Square number and A047928
Square[n] * (Square[n] — 1) = Oblong number.

A307182[y] = A047928[y = Even] + A035287[y = 0dd]

A047928[y = Even] is based on the sequence [12,0,0,0,12] = n?(n? — 1) = n* —n?

y = Even = 2n
Y
2 2 4 2
A047928[y = Even| ( ) (%)2 y_y vy 1643’

A035287[y = 0dd] is based on the sequence [36,4,0,0,4] = nz(n —1)? =n* - 2n3 +n?
y=0dd =2n-1
y+1

n=—

+1\* +1)° +1\°
AO35287[y=0dd]=<yT) —2<y2 ) +<y2 )
yt*+4y3 +6y* +4y+1 y3+3y2+3y+1\ y>+2y+1
16 8 4
yt*+4y3 + 6y +4y+1 y34+3y?+3y+1 y2+2y+1
= J— + —
16 4 4
Yy Ay +6y? +4Ay +1-4y® — 12y — 12y — 4 +4y* + 8y +4

16
_ '+ 4y’ G + 4y + 1-4y° EIRDR — 12y — 4SO+ 8y + 4 _

16
_y4—2y2+1
B 16
4-_4 2
A047928[y = Even] = %
—2y2 41
A035287[y = 0dd] = %
— (3y% + y2(=1)¥) + (0.5 — 0.5(=1)”
4307182[y] _ Y- GBy*+yX( )12 ( (=1)%)
—3y2+ 05— (y2+0.5)(=1)”
4307182[y] = y* —3y? 16(3/ )(—1)

2y*—6y2+1— (2y2 + 1)(-1)Y

A307182[y] = =

The sequence A307182[y] = A047928y = Even] + A035287[y = 0dd] is: {..., 9900,
8100, 6480, 5184, 4032, 3136, 2352, 1764, 1260, 900, 600, 400, 240, 144, 72, 36, 12, 4, 0, 0, 0,
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0,0, 4,12, 36, 72, 144, 240, 400, 600, 900, 1260, 1764, 2352, 3136, 4032, 5184, 6480, 8100,

9900, ...}.
Summary:

3107,8125

A307182[yl=

A047928[y=Even]+
A035287[y=0dd]

3136

33124 2376,5625
24336 1742,8125 1764 1764
17424 1278,0625
12100 884,8125 900 900
100  IEEGCTEEEE c2562 GO
| 9 [ 6480 | 5184 389,8125 400 400
| 8 [ 4032 | 248,0625
137,8125 144 144
76,5625
32,8125 36 36
14,0625
2,8125 4 4
05625 [N
20,1875 o0 |
0 TGO 0 o
-0,1875 [T D
Lo BEETTIEN 0
2,8125 4 4
14,0625
32,8125 36 36
76,5625
137,8125 144 144
[ -8 | 248,0625
389,8125 400 400
10| [ 600 [ENCIPRTPURNN 600
884,8125 900 900
T2 20502 | 1278,0625
1742,8125 1764 1764
2376,5625
3107,8125 3136 3136

9.2.4The third quartic sequence of repeated composites

The third quartic sequence of the repeated composites is
Square minus One[n — 1] * Square minus One[n]
And
Square minus One[n] * Square minus One[n — 1]
The equation is
M-1D((n-1D?-D=mn-1Dn+1DRN*-2n+1-1)=mn-1n+ 1)(n? - 2n)
= (n—-2)(n—1)n(n+ 1) = Oblong[n — 1] * Oblong[n + 1]
This is the sequence A052762:
{0,24,120,360,840,1680,3024,5040,7920,11880,17160,24024,32760, ... }

9.2.5And so on...

This phenomenon of the appearance of a repeated composite is an endless recursive algorithm.

The sequences of the repeated composites sequences will also generate new repeated
composites that will form sequences of a higher degree, and so on.

So, see in the next item the tables of the quadratic repeated composites.
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9.3 Repeated composites generated by a Square sequence minus a Square
number

9.3.1Repeated composites generated by the A000290 Square numbers

o (=] m (=] (=] ~ o — (=] (=] (=] (=] o o (=] (=]
()] (o)) 0 [e)] (o)) 0 (o)} %) (o)) (o)) (o)) (o)) (o)) (o)) (o)) (o))
%} o o wn o~ o~ o~ o~ ~ ~N o~ o~ o~ o~ o~ o~ o~
wl o o o o o wn (=] o o o (=] (=] < (=] o < o o <
(@] o o o (=] (=] m (=] o o o (=] (=] o o (=] (=]
- 2 2 | g gl 2 ]2 |2 2 | g . 2 | g 2 | g .
AN o [ o [ o | o [NEENEEE 2 3 4 5 KN s :
CicEa o [ o [ o § o NN o | 2 1 W s 4 5 2 M s
a4=1 | 1| [ 1| | 1| [ 1| | 1|
[ 0 | N | 10 |
[ a=d2 J 1 [ 1 | o [ ] | 4 Qv 1 o v [ v Jwe 1 [ 1 [25 f1 |1 | 36|
| b=0 J o [of o o] | o Jo|l6] o Jo[-8]o fJofio[ofof[i2]o ]
| =0 J oJo ] o J o] | 0o Jolol o Jofie]ofofas] o fo/[36] 0]
100 100 10000 100 81 8100 100 64 6400 36 3600 100 25 2500 100 16 1600
BEM 31 8 6561 81 64 5184 81 49 3969 25 2025 81 16 1296 81 9 729
BB 64 64 409 64 49 3136 64 36 2304 16 1024 64 9 576 64 4 256
49 49 2401 49 36 1764 49 25 1225 9 441 49 4 196 49 | 1 49
36 36 1296 36 25 900 36 16 576 4 144 36 [ 1 36 3 IEEE
25 25 625 25 16 400 25 9 225 25 4 100 25 | | 25 25 I 25 | 25
16 16 256 16 9 144 16 4 64 16 | 1 16 16

[ 0 | o PRGN 16 16 4 64
1 9

9

9 9 81 9 16 144 9 25 225 9 36 324 9 49 441 9 64 576 9 81 729

16 16 256 16 25 400 16 36 576 16 49 784 16 64 1024 16 81 1296 16 100 1600
25 25 625 25 36 900 25 49 1225 25 64 1600 25 81 2025 25 100 2500 25 121 3025
IBE 36 36 1296 36 49 1764 36 64 2304 36 81 2916 36 100 3600 36 121 4356 36 144 5184
49 49 2401 49 64 3136 49 81 3969 49 100 4900 49 121 5929 49 144 7056 49 169 8281
BEM 6+ 64 409 64 81 5184 64 100 6400 64 121 7744 64 144 9216 64 169 10816 64 196 12544

81 81 6561 81 100 8100 81 121 9801 81 144 11664 81 169 13689 81 196 15876 81 225 18225
BTl 100 100 10000 100 121 12100 100 144 14400 100 169 16900 100 196 19600 100 225 22500 100 256 25600

2

Table 1. Quadratic sequences y? and (y — d)? producing the quartics y* — 2dy3 + d?y

Each factor y? and (y — d)? produces the same quadratic sequence A000290 Square
numbers. Both quadratics are determined by the same three consecutive elements [1,0,1].

The two multiplications y2(y — d)? and (y — d)?y? generate the quartics Y[y] = y* —
2dy3 + d?y? in the FMT.

All these quartics are a 3rd-degree curve with the equation x = y3 — 2dy? + d?y, —o <
d < o in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. There is no difference between the factors (y — 0)? and (y + 0)2. The multiplier is equal
to the multiplicand.
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9.3.2Repeated composites generated by the A005563 (Square minus One)
numbers

offset=d | Boffset=d=0 Sofsei-a-2 | bofser-g-3 | poet-d-3 | bofsei--5

M

<

A052762
A005563

N OEIS I
A099761

il A005563
=

SIS A005563
PN A005563
B A005563

HIN [SM A190577

[SIYN A005563
o o EXIEETE]

3465 RN 2376 IECHIDN 45

of 8o | 48 | | 24 REELM s0 | 15 WEL so | 8 [

2205 1512 945 IGEHEEN 50+ IGHEEM 3o

2304 Il 1152 Bl 720 ETHEEE 384 144 ﬂ“
[ 35 | [ 35 [ o | Al -

1225

| 48 |
1512 IEZEIIECH 1920 IEZEIECH
BN 2800 BEEMIREEN 3465 4200
63 BEEN 4752 [EENIEEIN 5760 6864
63 m IEREEN 6237 7560 9009 m10584 IEEN 12285
BIREREER IEEEE) ssoo IREEEN 11440 IREEEN 13440 IEEER 15600 IRNIEZE 17920
EEREE R IEEREEEY 457 IEEHIEEN 16632 IEEREER 19305 IEERIEEZA 22176 IEENIEEN 25245

Table 1. Quadratic sequences (y? — 1) and ((y — d)? — 1) producing the quartics y* —
2dy3 + (d* — 2)y? + 2dy — (d* - 1).

Each factor (y? — 1) and ((y — d)? — 1) produces the same quadratic sequence A005563
(Square minus One) numbers. Both quadratics are determined by the same three consecutive
elements [0, —1,0].

The two multiplications (y? — 1)((y — d)? — 1) and ((y — d)? — 1)(y? — 1) generate the
quartics Y[y] = y* — 2dy3 + (d? — 2)y? + 2dy — (d? — 1) in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.
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9.3.3Repeated composites generated by the A028347 (Square minus Four)
numbers

A offset=d A offset=d =0 A offset=d = 2 A offset=d =3 A offset=d =5 A offset=d =6
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| o | 1 2 3 Kl ¢ Il s 2 s
| 0 | 1 2 3 N ¢ N s > KN+ 3
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[ 0 | [ 10 |
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L 16 ]

7392 5760 45 4320 96 32 3072 96 21 2016 96
77 5929 60 4620 77 45 3465 77 32 2464 77 21 1617 77 [JEEM 924 77
60 60 3600 45 2700 60 32 1920 60 21 60 720 60 300 60 O

45 45 2025 32 1440 45 21 945 45 540 45 M 225 45 DI 5 BN 135

21 672 32 [HEM 384 32 BEM 60 32 MO 32 96 32 -4 -128

252 21 105 - 21 -4 -84 21

2 0 [ o [z [5] - S IECH 2 | o | o |

[ s [ 3 s | 5 NEW 200 5[ 3[asf s | o I's s S

105 300 77 385
21 252 32 384 540 60 720 77 924 96 1152
32 672 45 945 60 HEEA 21 77 1617 96 2016 21 117 2457

32 1024 32 45 1440 32 60 1920 32 77 2464 32 96 3072 32 117 3744 32 140 4480
45 2025 45 60 2700 45 77 3465 45 96 4320 45 117 5265 45 140 6300 45 165 7425
60 3600 60 77 4620 60 96 5760 60 117 7020 60 140 8400 60 165 60 192 11520
77 5929 77 96 7392 77 117 9009 77 140 10780 77 165 12705 77 192 14784 77 221 17017

96 9216 96 117 11232 96 140 13440 96 165 15840 96 192 18432 96 221 21216 96 252 24192

Table 1. Quadratic sequences (y? — 4) and ((y — d)? — 4) producing the quartics y* —
2dy® + (d? — 8)y? + 8dy — (4d? — 16).

Each factor (y? — 4) and ((y — d)? — 4) produces the same quadratic sequence A028347
(Square minus Four) numbers. Both quadratics are determined by the same three consecutive
elements [—3, —4, —3].

The two multiplications (y? — 4)((y — d)? — 4) and ((y — d)? — 4)(y? — 4) generate the
quartics Y[y] = y* — 2dy3 + (d? — 8)y? + 8dy — (4d? — 16) in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.
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9.3.4Repeated composites generated by the A028560 (Square minus Nine)
numbers

A offset=d =6

A offset=d A offset=d =0 A offset=d = 2 A offset=d =3 A offset=d =5
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Table 1. Quadratic sequences (y? — 9) and ((y — d)? — 9) producing the quartics y* —
2dy? + (d% — 18)y? + 18dy — (9d2 — 81).

Each factor (y? — 9) and ((y — d)? — 9) produces the same quadratic sequence A028560
(Square minus Nine) numbers. Both quadratics are determined by the same three consecutive
elements [—8, -9, —8].

The two multiplications (y? —9)((y — d)? — 9) and ((y — d)? — 9)(y? — 9) generate the
quartics Y[y] = y* — 2dy? + (d? — 18)y? + 18dy — (9d? — 81) in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.
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9.3.5Repeated composites generated by the A028566 (Square minus Sixteen)
numbers

A offset d= — 2 A offset d= — 3
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B offset = d = 5
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Table 1. Quadratic sequences (y? — 16) and ((y — d)? — 16) producing the quartics y* —
2dy3 + (d2 — 32)y? + 32dy — (16d2 — 256).

Each factor (y? — 16) and ((y — d)? — 16) produces the same quadratic sequence A028566
(Square minus Sixteen) numbers. Both quadratics are determined by the same three consecutive
elements [—15,—16, —15].

The two multiplications (y? — 16)((y — d)? — 16) and ((y — d)? — 16)(y? — 16)
generate the quartics Y[y] = y* — 2dy3 + (d? — 32)y? + 32dy — (16d? — 256) in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.

2 2

9.3.6Summary for Repeated composites generated by the Y[y] = y“ — s
Yy2_olyl = y* —2dy® + d?y?
Y,2 i [yl = y* — 2dy® + (d? — 2)y? + 2dy — (d> — 1)

] 4

] 4

Y2 [yl = y* — 2dy® + (d* — 8)y* + 8dy — (4d* — 16)
Y,z o[y] = y* — 2dy® + (d? — 18)y? + 18dy — (9d* — 81)
Y,z 16[y] = y* — 2dy® + (d% — 32)y? + 32dy — (16d? — 256)

Y, 2_g2[y] = y* — 2dy? + (d? — 25%)y? + 2s%dy — (s?d? — s%)
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9.3 Repeated composites generated by an Oblong sequence minus an Oblong
number

9.4.1Repeated composites generated by the A002378 Oblong numbers
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Table 1. Quadratic sequences (y% — y) and ((y — d)? — (y — d)) producing the quartics
y* —2dy3 + (d? + 3d + 1)y? + (—d? — d)y.

Each factor (y? —y) and ((y —d)? — (y —d)) produces the same quadratic sequence
A002378 Oblong numbers. Both quadratics are determined by the same three consecutive
elements [2,0,0].

The two multiplications (y2 — y)((y —d)? = (y —d)) and ((y —d)? — (y — d)) (y"2 —
y) generate the quartics Y[y] = y* — 2dy® + (d? + 3d + 1)y? + (—d? — d)y in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.
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9.4.2Repeated composites generated by the A028552 (Oblong minus Two)
numbers
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Table 1. Quadratic sequences ((y? —y) — 2) and (((y —d)?—(y—d)) - 2) producing
the quartics y* — 2dy® + (d? + 3d — 3)y? + (—d? + 3d + 4)y + (—2d? — 2d + 4).

Each factor ((y? —y) —2) and (((y -d)?:-(y—-4d) - 2) produces the same quadratic

sequence A028552 (Oblong minus Two) numbers. Both quadratics are determined by the same
three consecutive elements [0, —2, —2].

The two multiplications ((y2 —y) — 2) (((y —d)?-(y—d)) - 2) and (((y —d)? —
(y—d)) - 2) ((y? — y) — 2) generate the quartics Y[y] = y* — 2dy® + (d* + 3d — 3)y% +

(—d? +3d + 4)y + (—2d? — 2d + 4) in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.
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9.4.3Repeated composites generated by the A028557 (Oblong minus Six)
numbers
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Table 1. Quadratic sequences ((y? —y) — 6) and (((y —d)?—(y—d)) - 6) producing
the quartics y* — 2dy® + (d? + 3d — 11)y? + (—d? + 11d + 12)y + (—6d? — 6d + 36).

Each factor ((y? —y) —6) and (((y -d)?:-(y—-4d) - 6) produces the same quadratic

sequence A028557 (Oblong minus Six) numbers. Both quadratics are determined by the same
three consecutive elements [—4, —6, —6].

The two multiplications ((y2 —y) — 6) (((y —d)?-(y—d)) - 6) and (((y —d)? —
(y—d)) - 6) ((y? —y) — 6) generate the quartics Y[y] = y* — 2dy® + (d? + 3d —

11)y? + (—d? + 11d + 12)y + (—6d? — 6d + 36) in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.
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9.4.4Repeated composites generated by the A028563 (Oblong minus Twelve)
numbers
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Table 1. Quadratic sequences ((y2 —y) — 12) and (((y —d)?-(y—- d)) — 12)
producing the quartics y* — 2dy3 + (d? + 3d — 23)y? + (—d? + 23d + 24)y + (—12d? —
12d + 144).

Each factor ((y2 —y) — 12) and (((y -d)?:-(y—-4a) - 12) produces the same quadratic

sequence A028563 (Oblong minus Twelve) numbers. Both quadratics are determined by the
same three consecutive elements [—10,—12, —12].

The two multiplications ((y2 —y) — 12) (((y —d)?—(y—d)) - 12) and

(((y —d)?-(y—d)) - 12) ((y? —y) — 12) generate the quartics Y[y] = y* — 2dy® +
(d? 4+ 3d — 23)y? + (—d? + 23d + 24)y + (—12d? — 12d + 144) in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.
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9.4.5Repeated composites generated by the A028569 (Oblong minus Twenty)
numbers
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Table 1. Quadratic sequences ((y? — y) — 20) and (((y —d)?-(y—-4d) - 20)

producing the quartics y* — 2dy3 + (d? + 3d — 39)y? + (—d? + 39d + 40)y + (—20d? —
20d + 400).

Each factor ((y2 — y) — 20) and (((y -d)?:-(y—-4a) - 20) produces the same quadratic

sequence A028569 (Oblong minus Twenty) numbers. Both quadratics are determined by the
same three consecutive elements [—18, —20, —20].

The two multiplications ((y2 —y) — 20) (((y —d)?—(y—d)) - 20) and

(((y —d)?-(y—d)) - 20) ((y? —y) — 20) generate the quartics Y[y] = y* — 2dy® +
(d? 4+ 3d —39)y? + (—d? + 39d + 40)y + (—20d? — 20d + 400) in the FMT.

All these quartics are a 3rd-degree curve in the XY plane.

For d = 0 it is the only case where there is no duplication because it is the FMT symmetrical
axis. The multiplier is equal to the multiplicand.
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9.4.6Summary for Repeated composites generated by the Y[y] = (y* —y) —
(s> —s)

Yeolyl =¥* — 2dy® + (d* + 3d + 1)y* + (—=d* — d)y

Yeo1ly]l = y* —2dy3 + (d? + 3d — 3)y? + (—d? + 3d + 4)y + (—2d? — 2d + 4)

Ye—p[y] = y* — 2dy3 + (d? + 3d — 11)y? + (—d? + 11d + 12)y + (—6d? — 6d + 36)
Ye—3ly]l = y* — 2dy3 + (d? + 3d — 23)y? + (—d? + 23d + 24)y + (—12d? — 12d + 144)
Ye—aly]l = y* — 2dy3 + (d? + 3d — 39)y? + (—d? + 39d + 40)y + (—20d? — 20d + 400)

Ysiy1 = ¥* — 2dy> + (d* + 3d — 25% — 25 + 1)y?
+(—d?+ (—2s% — 25 + 1)d + (252 + 25))y
+ (—(s?2 4+ 5)d? — (s> + s)d + (s + 5)?)
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10 Where are the sequences of Prime numbers?

The FMT - Full Multiplication Table is the hyperboctys HS[0,0,0].

Because of the theorem of the Zero, we saw in such cases that the Primes will only appear
next to the Zeroes, not elsewhere. So, every diagonal sequence in FMT has a finite number of
Prime numbers, if it has one.

The only sequences that can have prime numbers in HS[0.0.0] are in the sequences of Integer
numbers that appear in the horizontal for y = +1 and in the verticals for x = +1.

Then, no sequence of prime numbers appears that is different from the sequence of only 2
elements formed by the pair of prime 2 and prime 3. All other prime numbers are isolated and
never in sequence.

All these properties extend at all rotations of the FMT. That is, any HS[a,0,a] has the same
density of Primes and Composites.

Thus, the only possibility of prime number sequences with more than two elements is to add
some integer in the multiplication table:

HS[0,0,0] + n,n any Integer # 0

As we have seen, in infinity, 75% of the elements of the FMT are even and 25% are odd. This
way, to have a higher density of Odd Prime numbers, we have to add an Odd number to the FMT.

Note that whatever the Hyperboctys, the amount, shape, and equations in the XY plane of the
repeated elements is the same as the FMT with the equivalent hyperbolic structure. Thus, there
is always a hyperbolic line linking two elements of equal value in different quadratics sequences
with the same coefficients "a" and "c".

10.1Example fora = 0

See in the figure below HS[0,0,0] + 1 = HS[1,1,1] and HS[0,0,0] + 2 = HS[2,2,2]. See how
the density of odd Prime numbers in H[1,1,1] is greater than H[2,2,2].
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Figure 1. Respectively HS[1,1,1] and HS[2,2,2].
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Now, see in the figure below HS[0,0,0] + 17 = HS[17,17,17] and HS[0,0,0] + 41 =
HS[41,41,41]:
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Figure 1. Respectively HS[17,17,17] and HS[41,41,41].
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10.1Example fora = 1

Now, see in the figure below HS[17,17,17] and HS[41,41,41] rotated CCW one step. See in
the columns +1 the two largest of Euler's Lucky numbers A007635 Primes of form n? +n +
17 and A005846 Primes of the form n? + n + 41.
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Figure 1. Respectively HS[18,17,18] and HS[42,41,42].
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Taking all these examples together, note how the density of odd Prime numbers in each
quadrant decreases as we increase the absolute values of the elements that form each

Hyperboctys.

10.1Example for a = 4

Now, see in the figure below the FMT rotated 4 steps CCW resulting in HS[4,0,4]. Then, see
HS[4,0,4] + 41 = HS[45,41,45].

In the columns +2 appear the sequence A279241 4n? + 2n + 41.
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Figure 1. Respectively HS[4,0,4] and HS[45,41,45].
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In the columns +2 appear the sequence A279241 4n? + 2n + 41.
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11 Where are the Paraboctys?

Suppose this Hyperboctys infinite sequence HS[1,0,1] + n.
See the 6 initial consecutive structures in the range 0 < n < 5.

HS[1,0,1] + 1 = HS[2,1,2]
HS[2,1,2] + 1 = HS[3,2,3]
HS[3,2,3] + 1 = HS[4,3,4]
HS[4,3,4] + 1 = HS[5,4,5]
HS[5,4,5] + 1 = HS[6,5,6]

HS[f,g,h] +1=HS[f+1,g+1,h+1]
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Figure 1. sequence (HS[1,0,1], HS[2,1,2], HS[3,2,3], HS[4,3,4], HS[5,4,5], HS[6,5,6]).

If we sequentially place all Hyperboctys on top of each other where each is parallel to the XY
plane, then each section parallel to the YZ plane will be a Paraboctys. Paraboctys and hyperboctys
are structures perpendicular to each other.
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Figure 1. Idea in 3D of the sequence

HS[2

HS[4,3,4], HS[5,4,5], HS[6,5,6]).
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12 General view of all Hyperboctys
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Figure 1. Overview of all possible hyperboctys generation in positive and negative sides.
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