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ABSTRACT

Second-order arithmetic has two kinds of computational interpre-
tations: via Spector’s bar recursion of via Girard’s polymorphic
lambda-calculus. Bar recursion interprets the negative translation
of the axiom of choice which, combined with an interpretation
of the negative translation of the excluded middle, gives a com-
putational interpretation of the negative translation of the axiom
scheme of comprehension. It is then possible to instantiate univer-
sally quantified sets with arbitrary formulas (second-order elimina-
tion). On the other hand, polymorphic lambda-calculus interprets
directly second-order elimination by means of polymorphic types.
The present work aims at bridging the gap between these two
interpretations by interpreting directly second-order elimination
through update recursion, which is a variant of bar recursion.
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1 INTRODUCTION

In this introduction we recall the existing interpretations of second-
order arithmetic, we present the outline of our contribution, and
we mention some related work.

1.1 Bar recursive interpretations

The usual route, summarized in figure 1, for interpreting second-
order arithmetic via bar recursion consists of a derivation of the
axiom scheme of comprehension through a combination of the
excluded middle with the axiom of countable choice, followed by
a negative translation into first-order intuitionistic arithmetic ex-
tended with the negative translation of the axiom of choice. Finally,
this system is interpreted with the help of bar recursion that gives
computational content to the negative translation of the axiom of
countable choice (or to the double-negation shift which, together
with the axiom of countable choice, implies intuitionistically the
negative translation of the axiom of countable choice).

We review in this section the various existing bar recursive
interpretations of second-order arithmetic.

Spector’s original bar recursion. Godel’s dialectica interpreta-
tion [9] provides a computational interpretation of arithmetic into
System T — simply-typed lambda-calculus with natural numbers
and a recursor. Spector extends this interpretation to an interpreta-
tion of second-order arithmetic [14] by extending G6del’s System
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T with a bar recursion operator. Spector uses this bar recursion
operator to interpret what he calls the F axiom scheme, but which
is nowadays known as double-negation shift (DNS). Composing his
interpretation with a negative translation from classical arithmetic
with countable choice into intuitionistic arithmetic with countable
choice and DNS, he obtains an interpretation of classical arithmetic
with countable choice and therefore of second-order arithmetic.

Berardi-Bezem-Coquand’s demand-driven operator. Berardi, Be-
zem and Coquand define an operator [3] (usually called BBC) in-
spired by Spector’s bar recursion but that has a more direct and
intuitive behavior. Also, contrary to Spector’s interpretation that
extends Godel’s Dialectica, their interpretation extends Kreisel’s
modified realizability [10]. The BBC operator is demand-driven
in the sense that it computes step by step finite approximations
of an ideal infinite object, the order of these steps being dictated
by the environment in which the operator executes. They use this
operator to provide a computational interpretation of (a principle
equivalent to) the negative translation of the axiom of countable
choice. Their interpretation is therefore slightly more direct than
Spector’s in the sense that it interprets the negative translation of
the axiom of countable choice rather than DNS.

Berger-Oliva’s modified bar recursion. Berger and Oliva define
an operator [6] that more closely resembles Spector’s bar recur-
sion, but their interpretation extends Kreisel’s modified realizability,
as Berardi-Bezem-Coquand’s. Moreover, they follow more closely
the lead of Spector by interpreting DNS, from which the negative
translation of the axiom of countable choice can be derived.

Streicher and Krivine’s bar recursion in classical realizability. Stre-
icher gives a presentation of Krivine’s classical realizability in the
setting of categorical realizability, as a subtopos K of the relative
realizability topos & induced by the model of coherence spaces
and stable maps and a well-chosen set of proof-like elements [15].
Using bar induction and the interpretation of bar recursion as a
stable map between appropriate coherence spaces, he shows that
& validates the double-negation shift principle, and because & also
validates countable choice, he obtains that the classical realizability
topos K validates countable choice.

Krivine uses the BBC operator to realize the negative translation
of the axiom of countable choice [11].

1.2 Interpretation of second-order arithmetic
via system F

The second kind of interpretation of second-order arithmetic is via
Girard’s representation theorem [8] that relies on a translation of
second-order arithmetic into Girard-Reynolds polymorphic lambda-
calculus [7, 13] (system F). This interpretation uses a version of
second-order arithmetic that is obtained from first-order arithmetic
by adding a quantifier on predicates, rather than the axiom schema
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Figure 1: Bar recursive interpretations of second-order arithmetic

of comprehension. This means that set variables can be instantiated
with arbitrary predicates written in the language of the logic: this
is the second-order elimination rule: VX A = A [x.B/X], where B
is any formula and A [x.B/X] is A where every atomic subformula
X (t) is replaced with B [t/x]. The interpretation of this rule in
polymorphic lambda-calculus carries no computational content: it
is interpreted with the instantiation of a polymorphic program of
type VX T with X := U to obtain a program of type T [U/X], where
T and U are derived from A and B. This apparent simplicity of the
interpretation is however counterbalanced at the meta-level by an
impredicative normalization proof.

1.3 Contributions

As explained above, the bar recursive interpretations of second-
order arithmetic involve several logical transformations prior to the
concrete interpretation by programs. Conversely, the polymorphic
interpretation exploits a strong correspondence between quantifi-
cation on predicates and polymorphic types. In the present paper
we make a crucial step towards the unravelling of a similar strong
correspondence in the case of bar recursion. Indeed, we interpret di-
rectly the same system of second-order arithmetic as the one used in
Girard’s representation theorem, via a bar recursive interpretation
of the elimination of quantification on predicates.

We define a very generic notion of realizability value and prove
a general result about the behavior of the variant of bar recursion
we use. This general result proves to be flexible enough so that
it can be used for proving both termination of the programming
language and correctness of the realizability interpretation.

1.4 Related work

Berger defines a variant of the bar recursion operator that he calls
"update recursion” [5]. This variant is closely related to the BBC
operator, in the sense that it builds finite approximations of an
ideal infinite object step-by-step and on demand. Berger proves
that this operator realizes a principle called "update induction”
and shows that the BBC operator can indeed be implemented via

update recursion. Berger’s operator is the variant of bar recursion
that most closely fits our needs, so we use (a slight variant of) it in
the present work. However, we show directly that our version of
update recursion realizes second-order elimination, without going
through update induction.

Aschieri, Berardi and Birolo extend lambda-calculus with a vari-
ant of delimited exceptions and use interactive realizability to inter-
pret intuitionistic first-order arithmetic extended with a restricted
form of excluded middle EM1 on Z? formulas [2]. Powell uses a sim-
ilar idea in the context of Godel’s Dialectica interpretation to define
the concept of learning algorithms [12], that build approximations
to witnesses of decidable formulas. He then transforms a count-
able sequence of learning algorithms into a single algorithm and
proves that it can be used to interpret arithmetical comprehension
on Z(l) formulas. Our work can be seen as an extension of these
works, where we relax the decidability requirement and provide
computational content to the full comprehension axiom instead of
its restriction to Z? formulas.

1.5 Outline of the paper

In the first section, we present the system of second-order arith-
metic used in Girard’s representation theorem, where the usual
comprehension axiom is replaced with the equivalent notion of
quantification over predicates.

In the next section we define our programming language together
with its operational and denotational semantics.

In the final section, we define our general notion of realizabil-
ity value and prove a very generic result about update recursion,
then we prove normalization of our programming language using
"propositional” realizability values a.k.a. reducibility candidates.
Then we prove adequacy of our interpretation via realizability val-
ues that depend on natural numbers and sets of natural numbers.
Finally, we validate this interpretation by proving an extraction
result from proofs of H(z) formulas of second-order arithmetic.
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2 SECOND-ORDER ARITHMETIC

We define in this section the theory of second-order arithmetic for
which we provide a computational interpretation in the following
sections.

This theory is the one used in Girard’s representation theorem
with quantifications over predicates, as witnessed by the V2e rule,
where A [x.B/X] is the formula A where every instance of an atom
of the form X (¢) for some term ¢ is replaced with the formula
B[t/x].

Second-order logic has two kinds of variables: x, y, ... denote
first-order (number) variables and X, Y,... denote second-order
(set) variables. The terms of second-order arithmetic are built from
number variables, 0, successor, addition and multiplication:

tbu == x|0|St|t+ul|tXu

Formulas are built from atomic formulas (set variables applied
to some term), implication and first- and second-order universal
quantification:

AB = X(t) |A= B|VxA|VX A

The formal system of second-order arithmetic (rules and axioms) is
defined in figure 2. Our proof trees are annotated with proof terms
for convenience, but we do not consider any kind of reduction on
these proof terms.

As usual, other logical connectors such as equality, conjunction,
disjunction and first- and second-order quantification can be en-
coded in second-order logic. In the present paper we only use the
following encodings:

X = X (0)
1 = VXX

t=u = VX (X (t) = X (v))

-A = A= L t#u = = (t=u)

In particular, while formally all our predicate variables are unary,
we encode the nullary ones via an arbitrary instantiation at 0. This
technical choice allows for a more uniform treatment in the re-
alizability interpretation. Note also that since we have terms for
addition and multiplication, we could also encode predicate vari-
ables of arbitrary arity, but we do not need them in the present
work.

3 THE PROGRAMMING LANGUAGE

In this section we describe the programming language in which we
interpret proofs made in second-order arithmetic. We first define its
syntax, typing rules and operational semantics, and then we define
its denotational semantics in complete partial orders.

3.1 Syntax, typing and operational semantics

This programming language is an extension of simply-typed lambda-
calculus with primitive natural numbers, sum types, a unit type
and an update recursion operator ur.

The types are as follows, where i denotes the type of natural
numbers:

0,7 = 1|l|lo—>rt|o+T

The typing rules and operational semantics are given in figure 3,
where the notation A_.M is a shorthand for Ax.M when x is not free
in M, and the construct _ (_ +) in the reduction rule for update
recursion is syntactic sugar for the update of a notion of partial

LICS °22, August 2-5, 2022, Haifa, Israel

function that we define now. These partial functions on natural
numbers, that the update recursion operator relies on, are encoded
as functions from natural numbers to a sum type o + 1, that we
use as an option type. We consider that such a partial function
M:1— o+ 1lisdefinedatn € Nif Mn ~»* {N |} for some N : o,
and is undefined at n € N if M7 ~»* {|x}. Consequently, the
function with empty domain is defined as:

e = A_.{|*}
and if M is some partial function, then M (N7 > Nj) denotes its
update with value Ny at N, which is defined as:
M{(N1 — Np) = Ax.if x = Ny then{N2 | } else (M x)

where:

if M = NthenP;elseP, =
(M?, (Auu?, Py (Ay_.P2)) (Axzu.u?, Py (Ay_.zy))) N

is an operation deciding equality on natural numbers.

We now comment on the update recursion operator. By looking
at the type of the recursor, one can understand update recursion as
an operator turning a program of type:

(t—oo0+(c—1) >
into a program of type:
(t—>0+1) >

That is, if some M takes as input a sequence of elements which
are either of type o or of type ¢ — 1, then ur M takes simply as
input a partial function to o. The reduction rule of ur shows how
this happens: if M needs the value of its argument at some point n,
then:

o either the partial function given as argument to ur M is
defined at n, in which case ur M provides that value to M,
as a value of type o,

o or the argument to ur M is undefined at n, in which case ur M
provides indirectly to M a value of type ¢ — 1 by reading
the input N of type o from M, and triggering a recursive call
with an updated partial function having value N at n.

Our version of update recursion is a bit different from Berger’s [5].
The first difference is that we use sum types, while Berger encodes
them with booleans and products. The second difference is that
while the first argument in our version is of type:

(t—>oo0+(c—1) >

the first argument in Berger’s version is (with our notations) of
type:

(t—>0o+1) > (1—>0—>1) >

Finaly, Berger’s update recursion satisfies (with our notations) the
following equation:

YMN =MN (Axy.N x?4 (A_.0) (A_.Yy M (N {x — y))))
Berger’s version and ours are however interdefinable:
urM =y (Auo.M (Axux?+ (Ay.{y|}) (A_.{]vx})))
YyM=ur(AuM (Axux? (Ay.{y|}) (A_.{|*}))
(Axux?4 (A__.0) (Av.0)))
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T+sn0:Vx(Sx #0) I'+addo:Vx(x+0=x) T+ mul0:Vx(xXx0=0)
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rules of second-order logic
Figure 2: Second-order arithmetic

(x:0) el I'x:orM:1 'rtM:0—>1 'tN:o
'rx:o TFAxM:0—>r1 I'MN:r
——— neN T'FM:1 F'FM:1
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Sn~wn+1 6?,N1N2'VV>N1 n+1?, Ny Ny ~» Non(n?, N1 Np)
{M[}?+ N1 N2 v N\ M {IM}?+ N1 Nz v No M
E[M] ~E[N] ifM~ N whereE[ |==E[_JM|SE[_]|E[_]?|E[_]?
operational semantics
Figure 3: The programming language
3.2 Denotational semantics: complete partial Moreover, it will be convenient, for proving correctness of update
orders recursion, to talk about ideal sequences which are limits of finite

sequences, but may not be expressible as programs. Such ideal
sequences may even be non-computable. If (a,),cn is a sequence
of elements of some complete partial order D, then the function that
turns n € N into ay, is itself an element of the complete partial order
of functions from natural numbers to D, so the model of complete
partial orders is very suited for handling such ideal sequences.

We now turn to the basic definitions about complete partial
orders:

The termination of the update recursion operator depends crucially
on the continuity of programs: if a program turns an infinite se-
quence into a value of type 1, then it can only depend on a finite
part of its input sequence. The intuition is that such a program
converges in a finite number of steps to a final value, and therefore
during this computation it can only evaluate its input at a finite
number of positions. The denotational model of complete partial
orders does provide a general framework to talk about continuity
of programs in this sense.
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Definition 3.1. A partially ordered set D is directed if it is non-
empty and:

Vx,yeD,3zeD,x<zandy <z

A complete partial order (cpo) is a partial order D:

e which has a least element L,
o such that every directed subset X C D has a least upper
bound \/ X € D.

A continuous function between cpos is a function that preserves
directed sets and their suprema:

Definition 3.2. If D and E are cpos, amap f : D — E is continu-
ous if for all directed X C D, f (X) C E is directed and:

(V%)=

The following proposition is a fundamental result about cpos that
permits the interpretation of functional programming languages in
the model of cpos. Its proof can be found, e.g. in [1].

PROPOSITION 3.3. The set of pointwise ordered continuous maps
from ¢po D to cpo E is a cpo that we denote with D — E.

Moreover, the componentwise ordering on products of cpos turns
the model of cpos into a cartesian closed category, and therefore
into a model of A-calculus (see [1] for details).

After these general definitions about the model of cpos, we move
to its use for our programming language.

We start with the operation of lifting of a cpo, which adds a least
element to an existing cpo: if A is a partially ordered set we let A
be the set AU {1} equipped with the order on A extended with
1L <aforalla e A,.If Ais a set then it is implicitly equipped with
the discrete ordering. Liftings of such sets are used to interpret base

types.

We associate to each type o a cpo [o] as follows:
[1] =N [o = 7] =[o] = [7]
[1] = {x}. [o+7] = ([o]w[r]),

where we choose the same symbol x to denote the program on the
unit type and its interpretation. If a € Aand b € B we write {a| } €
AwBand{|b} € AwB. Similarly we write {A |} = {{a|}|a € A}
and {|B} = {{|b}|b € B}.
Each program xj : 01,...,x, : o + M : o is interpreted as a
continuous function [M] from [o1] X ... [0o] (equipped with the
componentwise ordering) to [o] as described in figure 4.

We now prove that the operation deciding equality between
natural numbers, the empty function and the update of a partial
function do have the intended semantics.

PRrOPOSITION 3.4. We have:
if [M]=Lor [N]=1

if M = N then P
[P] if [M]=[N]#1

else Py -
[P2] ifL#[M]#[N]#L
[e] (@) = {[*}
L ifa=1
[M(N; = Np)] (a) = { [{N2|}]  ifa=[Ni]
[M] (a) ifa#[N1] anda# L
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Proor. For the first item: if [M] = L then:
[ifM = NthenPielsePy] =L
otherwise define:
do = [Au.u?, Py (Ay_.Py)]
dn+1 = [Axzuu?, Py (Ay_zy)] (n) (dn)
so that:
[ifM = N then Py else P;] = d[51] ([N])

We then prove by inductiononn € Nthatd, (1) = 1,d, (n) = [P1]
and d, (m) = [P2] if m # n, from which the result follows. The
second item is immediate and the third follows easily from the first
by case analysis. O

We now prove that the interpretation of update recursion satis-
fies the recursive equation implied by its reduction rule:

LEMMA 3.5. For all a, b:
& ([ur] (@) (b)) = [ur] (@) (b)

Proor. Indeed, § is continuous so:

%uwuaw»=%b/%wLﬁ=\/3@"u»

neN neN
— \/%THI(J_):J_V \/3"+1(J_)
neN neN
= \/ §" (1) = [ur] @ (b) o
neN

The following proposition asserts that the denotational seman-
tics of our programming language is correct with respect to its
operational semantics.

PROPOSITION 3.6. If M ~» N then [M] = [N].

Proor. By case on the reduction M ~» N, using the previous
lemma for the case of update recursion. O

The following result, computational adequacy, allows to "go
back" from the denotational model to the syntactic language on base
types. It asserts that if some program on a base type is interpreted
as a value, then it must reduce to that value. It will be particularly
useful for proving that extracted programs do compute the intended
values. The result is standard, usually proved via logical relations,
the interested reader can refer to [1].

ProPosITION 3.7. IfM : 1 and N : 1 are closed programs such that
[M] = n for some n € N and [N] = %, then M ~>* i and N ~»* *.

In the following we will often drop the interpretation brackets
and use programs with parameters, that is, we will write M [d/X]
instead of [M] ().

4 REALIZABILITY

In this section we define a general notion of realizability value. We
first use it to prove normalization of our programming language.
We then define the interpretation of proofs in our programming
language and we prove the correctness of this interpretation with
respect to realizability values associated to formulas. Finally, we
prove an extraction theorem from proofs of Hg theorems.
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[xi] (@) = a; [Ax.M] (@) (b) = [M] (a,b) [MN] (@) = [M] (@) ([N] (d)) [*] (@) = *
dJ_ =1
7] @ =n [sM] (@) = [M] (@) +1 [M2,] @ (b) (¢) = dypgy ) where {  do=

{M[}] (@) = {[M] (a) |}

where

[ur] (@) (b) = Vpen §" (L)

[{IM}] (@) = {| [M] (@)}

& = [Aarfz(Ax.fx 2 (Ay-{y | }) A_A{ | Ay.r (f (x = y)) D] (@) (b)

dnt1 = ¢ (n) (dn)

1 if [M](a)=1
[M?24] (@) (b) (c) = {b(d) if [M] (@) is some {d]}
c(d) if [M] (@) is some {|d}

Figure 4: Denotational semantics in complete partial orders

4.1 Realizability values

In this section we define a general notion of realizability value that
is just a subset of the cpo interpretation of a type. We then prove
some properties on these realizability values and we prove a general
result on the behavior of update recursion with respect to arbitrary
realizability values.

Definition 4.1. A realizability value A on a type o is a subset of
its interpretation [o]. We define for each realizability values A on
o and B on 7 the following realizability values on 0 — 7 and o + 7:

A—->B={felo>r1]|Vae A, f(a) € B}
A+B={A|}u{|8}

As for subtyping, — is contravariant on the left and covariant on
the right with respect to inclusion. We also have some commutation
rules with respect to unions and intersections.

LEmMA 4.2. For every realizability values Ay, Ay on o and By,
By ont, if Ay € Ay and By C By then:

AL > B CTAy — By

Il (Ae)eck is a family of realizability values and B is a realizability
value, then:

(NA-B) = A -8 (B> A)=8.— A

ecE ecE ecE ecE
U(ﬂeﬁB)QﬂﬂeﬁB U(B—n?(e)QBHUﬂe
ecE ecE ecE ecE

Proor. For the first item, let f € A; — By and let a € Ay.
Then a € A; so f (a) € By C By. The second item follows from
the basic rules of quantifiers. O

The following proposition describes very precisely the behavior
of update recursion on arbitrary realizability values. We will use
it both for proving normalization of our programming language,
and for proving correctness of our interpretation of the V2e rule of
second-order arithmetic. Our proof is largely inspired by [4].

PROPOSITION 4.3. Let (Ay),en be a family of realizability values
ono and let B C N. Then:

ur € ﬂ ({n} > A, + (A, > B)) > B
neN

> [ Un} > An+ {x}) > B

neN

Proor. Remark that (,cn ({n} = Ap + {x}) is a realizability
value on the type 1 — o + 1 of partial functions on ¢ that we
presented earlier. We define a preorder < on this realizability value,
which corresponds to the usual order between partial functions, as
follows:

f<g iff VneN, f(n)e{Anl}=9(0n)=f(n

Be careful that this preorder < is not the cpo order <. Itis a different
preorder that we only use in the proof of the current proposition.

Leta € Npeny ({n} = Ap + (Ap — B)) — B and let:

E={feﬁ<{n}aﬂn+{*}>

neN

urafeEB}

We prove that every non-empty chain of (E, <) has an upper bound
but (E, <) has no maximal element. Therefore by Zorn’s lemma E
must be empty, which proves the result.

Every non-empty chain of (E, <) has an upper bound. Let
F C E be a non-empty chain. Define YF by YF (L) = L and:

ifVf € F, f(n) ={|x}then YF (n) = {|x}

if3f € F, f (n) € {A, |} then YF (n) = f (n)
Note that since F is a chain, the value in the second case is unique
so YF is well defined. By construction, VF is an upper bound of F in
MNnen ({n} = A, + {*x}), so we are left to prove VF € E. Suppose

for the sake of contradiction that YF ¢ E, thatis, uraVvF € B.

Define f7 for finite I C N by:
YF(n) ifnel

L otherwise

fi(h)=1 ff(n)={

Then for the cpo order < on [ — o +1]:

e {f7|I C N finite} is directed
o Vf=V{f|IC N finite}
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By monotonicity of ur a we have for all I:

uraff <uravF so uraf; e {Ll,uraYF}

and then by continuity of ur a there must exist Iy such that:
urafy, =uravF

By definition of Y F and non-emptiness of F, for each i € Iy there
exists f; € F such that:
fi () = YF @)= fi, (D)
Then since F is a chain and I is finite, there exists f € F such that
fi < f for every i € Iy. Finally, for each n € N:
e ifn ¢ Iy then f, (n) = L < f (n)
e if n € Iy then f, (n) = YF (n) = ff, (n) and:
- if f (n) € {An |} then f (n) = f (n) since f, < f, and
therefore fj, (n) = f (n)
— if YF (n) = {| x} then f (n) = {|x} by definition of YF
since f € F, and therefore ff, (n) = f (n)
therefore fi, < fand uravF = urafj, < uraf by monotonic-
ity of ura. ButuravF € B8 souraVvF # 1, which means that
uraf =uraVvF € B, contradicting F C E.
(E, <) has no maximal element. Suppose for the sake of contra-
diction that f is a maximal element of E. Then ura f ¢ B, so by
lemma 3.5:

a(x.f x 2% Ay Ay 1) (_{ | Adyura(f (x = y))}) =uraf ¢ B
but then by hypothesis on a we have:

A fx 2 Oy Ay | 1) (A {1 dg.ura (f (x = y)}
¢ () (n} = Ay + (A > B))
neN

so there exists n € N such that:

fn? Ay Ayl b A Al Ayura(f(n—=y))} ¢ Ap+ (An — B)
Since f'n € A, + {x}, either there exists b € Ay, such that fn =
{b|}, or fn = {|x}. In the first case, we obtain {b|} ¢ A, +
(Ap — B), which is a contradiction. Therefore f n = { | x} and we
have:
{l1Ayura(f(ny))} & An+ (An — B)

so there exists b € A such that ura (f (n — b)) ¢ B and then
f{n—byeEButf<f(nr—byand f(n—>byn={b|}by34,
so since f'n = { | x} we also have f (n + b) £ f, contradicting the
maximality of f in E. O

4.2 Normalization
We now use the general notion of realizability value to prove the
normalization of our programming language. For that, we define
for each type o the realizability value |o| on o as follows:
il =N
1] = {x}
These realizability values are the semantic counterparts of the usual
reducibility candidates, so they satisfy the following property:

lo = 7] =|o| = 7]

o+ 7] = o] + ]

LEMMA 4.4. For every type o, there exists M such that [M] € |o|
and every such M reduces to a normal form.
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Proor. We prove the results by induction on o. We have [0] € [i
and [x] € |1]. If we have [M] € |z| then [A_.M] € |0 — 7| and
HIM}] € o+l

Normalization on [i| and |1] is a consequence of computational
adequacy (proposition 3.7).

If we have [M] € |c — 7| but M diverges, then for N such that
[N] € |o| # 0, M N diverges as well, contradicting the induction
hypothesis on 7.

If we have [M] € |o + 7| but M diverges, then M ?, (A_.x) (A_.%)

diverges as well, but since |o+ 7| = {|o||} U {||z|}, we have
[M?4 (A_x) (A_*)] = % € |1], contradicting computational ade-
quacy. O

We are now ready to prove that each program belongs to the
realizability value associated to its type:

THEOREM 4.5. For each typing derivation:

X1:01,...,Xp:0p FM:T
(a1,...,an) € |o1| X ... X |on|
then:
Mlay,...,an/x1,...,xn] € |7

ProoF. The proof proceeds by induction on the structure of M.
The cases x, Ax.M, MN, n, SM, {M| }, {| M}, and % are straight-
forward.

For recursion, let M : 1 be such that [M] € |¢| =N, andleta € |o]|
and b € |1t > 0 — o|. We define dy = a and dp,+1 = b (n) (d,) and
prove by induction on n € N that d,, € |o|. Indeed, dy = a € |o]|
and dp41 = b (n) (dp) € |o| since n € |1] and dj, € |o| by induction
hypothesis.

For case analysis, let M : o + 7 be such that [M] € |o+ 1| =
lo| + |r| and let by € |0 = v| and by € |t — v|. If [M] € {|o||}
then there exists ¢ € |o| such that [M] = {c|} and therefore
we get [M?,] (b1) (b2) = b1 (c) € |v|, and if [M] € {]||r|} then
there exists ¢ € |r]| such that [M] = {|c} and therefore we get
[M2,] (b1) (b2) = b2 (c) € |v].

Finally, for update recursion, this is a consequence of 4.3 with
Apn = |o| and B = |i| = N, since by lemma 4.2:

() (n} = lol+ (ol = 1) = | {n} = lol + (o] — i)
neN neN
=il = lol+ (lo] = |1])

() n} = lol+ b = [ {n} = lol+ 1]
neN neN
= |t = lo] + 1] o

From this theorem and the previous lemma we get normalization
of our programming language:

COROLLARY 4.6. If M is a closed program, then M is normalizing.

4.3 Realizability interpretation

We now define the interpretation of second-order arithmetic proofs
as programs of our programming language. Our interpretation
follows the line of modified realizability and associates to each
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proof of a formula A in second-order arithmetic a program which
type AT is derived from the formula. The mapping is defined as
follows:

X(t)-‘- =1
(VxA)T =, A

(A= B)T =At 5 Bf
(vx A)f = Af

We interpret X (¢) with type ¢ in order to be able to extract natural
numbers from proofs in theorem 4.14. In case we aren’t interested
in extraction then we can interpret X () with an arbitrary discrete
non-empty type.

Before interpreting proofs as programs, we have to interpret
terms t of the logic as programs t7 of type 1. The free variables
of tT are the first-order variables of t and they are of type 1. This
interpretation is straightforward, since addition and multiplication
are easily implemented with the following programs:

M+N=N?M(Axz.Sz) MXN=N?0(Axz.M+z)
Finally, the proof of a sequent:
pr:Al....pn:Ant A

is interpreted as a program 7" which typing derivation’s conclusion
is of the form:

)_c':t,pl:AJlr,...,pn:A;gl—irT:AT

where X are the free first-order variables of Ay, ..., Ay, A. The in-
terpretation of logical rules and arithmetical axioms is given in
figure 5. Most of these interpretations are standard and the novelty
here lies in the interpretation of the V2e rule. The interpretation of
this rule consists in an instance of update recursion applied to a pro-
gram inductively defined over the formula under the second-order
quantification.

4.4 Realizability semantics

We now have to prove that this interpretation is correct with re-
spect to the logic. In order to define what we mean by correct, we
associate to each formula a realizability value that represents (the
interpretations of) the programs which are correct with respect to
the formula.

A valuation for a term ¢ (resp. a formula A) is a mapping of first-
order variables of t (resp. A) to elements of N and second-order
variables of A to elements of  (N). As we did for programs, instead
of pairs (t,v) (resp. (A, v)) of a term (resp. formula) and a valuation
for it, we rather use terms (resp. formulas) with parameters, that
is, terms (resp. formulas) where free variables are replaced with
their assignment through o. The value |t| in N of a closed term with
parameters ¢ is defined using the standard interpretations of S, +
and X in N.

LEMMA 4.7. If't is a closed term with parameters, then [tT] =|t|.

Proor. The proof is by induction on ¢, using that [OT] =0,
[S tT] = [t*] + 1 and the following facts:

et =[] ][] =[] o] @

We are now ready to define the realizability value associated to
each formula with parameters. The whole realizability semantics
is parameterized by a set 1L C N that will be the set of realizers of
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the formula L. Allowing for a non-empty set of realizers of L is
a well-known technique for keeping computational content from
classical proofs. Indeed, if L has no realizers then for any formula
A, either A has realizers, in which case —A has no realizer, or A has
no realizer, in which case everything is a realizer of —~A. Therefore
—=A has no computational content and we cannot hope to get
anything interesting when eliminating double negation on it.

For each closed formula with parameters A we define the realiz-
ability value |A| C |AT| of Aon A as follows:

N if|teX
|x<t>|—{JL fiex A= BI=1AI- B
Ivx Al = (1) ({x} - |Al) lvxal= () lAl

xeN XCN

4.5 Adequacy

We now prove the main result of our realizability interpretation.
The adequacy theorem asserts that the program interpreting a given
proof belongs to the realizability value of the formula proven.

THEOREM 4.8. For each proof in second-order arithmetic:
p1:A1L....pn:Aptr A
such that FV (A1, ..., An, A) C {x1, ..., xm, X1, .. ., Xi }, ift

(x1,...,xm) € N™
(X1,....Xg) € (P (N)F
(al,...,an) S |A1| X...X|An|

then:

7' [at,....an/p1,....pn] € |A]

The proof of this theorem proceeds by induction on 7. We split
it into three parts: adequacy for the axioms, adequacy for the first-
order intuitionistic part, and adequacy for the Dne and V2e rules.

Adequacy for the axioms. In the case of axioms, the correctness
of our interpretation is mostly straightforward. As usual, we use
recursion on natural numbers to interpret induction.

LEMMA 4.9. If 7 : A is an axiom of second-order arithmetic then:
7€ A

PRroOF. By cases. For axioms add0, addS, mul0 and mulsS, this is
a consequence of the fact that if t and u are terms with parameters
such that |t| = |u|, then Ap.p € |t = u|. Indeed, if |¢| = |u| then for
al XCN, X ()| =X W)],solt=ul=VX(X=X)|=1L— 1.

For sinj, let x,y € N.If x = y then [Sx=Sy| = 1L — 1 =
[x=yl,soAp.p € |Sx =Sy = x =y|. If x # y then there exists
X € Nsuch thatx € X buty ¢ X, so |[x =y| =N — 1. Similarly,
|Sx =Sy| =N — 1, and therefore Ap.p € [Sx =Sy = x =y|.

For sn0, let x € N. Since |Sx| = x + 1 # 0, we have as before
[Sx=0/ =N —> L andso |[Sx#0| = (N— 1) — 1. We then
obtain Ap.p 0 € |Sx # 0].

Forind,let X C N, a € |X (0)] and b € |Vx (X (x) = X (Sx))|.
We prove by induction that for all x € N, x?,ab € |X (x)|. Indeed,
0?,ab=a € |X(0)andif x?,ab € |X(x)| thenx +1?,ab =
bx(x?,ab) € | X (x+1)|since x?,ab € |X (x)| by induction hy-
pothesis. O



A direct computational interpretation of second-order arithmetic via update recursion

LICS °22, August 2-5, 2022, Haifa, Israel

T
17
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ifY#X

tp)z((t)’x.B)X =rt' 2, (Agp.0) (Aq.q)

1 _ 1 2
QA=A xBX = P9-Pp, B X (P (‘PAz,x.B,X q))
2 _ 2 1
Pa, =4, x BX = AP9-0a, x B X (P (‘PAz,x.B,X ‘1))
addo’ = Axp.p adds" = Axyp.p

sn0f = Axp.po

(/lx.n')T = xat
(dneA)Jr =dney: where Fdnes: ((0 — 1) — 1) — o is defined by:

(m (x.B))T = dne(A[x.B/XJ)T (Ap.ur (Ar.p (‘p}é,B,X HT)) e) where for ¥ = FV (A),

Tr:i— B+ (BT N :) ol gy AT o (A[xB/X])

‘Tri1—> B+ (BT — t) F <pix'B!X c(A[x.B/X])" - AT

sinjT = Axyp.p

(zt)t =2t ef X)) =xt

dne, = Ap.p (Aq.q)
dnes—r = Apg.dne; (Ar.p (As.r (s q)))

are defined by:

T

1 — 1 1 — 1
PvyaxBx =AY-0xpx (PY) Pvy AxBX = PABX

2 — 2 2 —_ 2
PyyaxBx =AY-04px (PY) Pvy AxBX = PABX

Fexfg:t—> o0

exfs = Ap.dnes (A_.p)

mulo’ = Axp.p muls’ = Axyp.p

ind" = Apgx.x?,pq

Figure 5: Realizability interpretation of second-order arithmetic

Adequacy for the first-order intuitionistic part. We now prove
adequacy for the system without the Dne and V2e rules. As for the
axioms, this result is straightforward.

LEMMA 4.10. For each proof in second-order arithmetic without
the Dne and V2e rules:

p1:AL .. pn:iAptr A
such that FV (A1, ..., An,A) € {x1,...,xm, X1, ..., Xi}, ift
(x1,...,%m) €N™

(X1,.... Xp) € (P (N)F
(ai,...,an) € |A1] X ... X |Ap|

then:

' [a1,...,an/P1s- -, Pn] € A

Proor. The proof is by induction on 7. Most of the cases are
straightforward. For the Ve rule we use lemma 4.7. O

Adequacy for the Dne and V2e rules. This section contains the
main result: correctness of our interpretation of second-order elim-
ination. First, we prove adequacy for double-negation elimination:

LEmMMA 4.11. For each formula A with parameters:
dneAT € |—|ﬁA = A|

exf i € |L = Al

Proor. We proceed by induction on the structure of A for dne 4+.

For X (t), let a € |[==X (¢)|. If |¢t|] € X then |X (t)| = N, so we
have dneX(tﬂ- (a) € |X (t)|.If |t] ¢ X, then |X (t)| = L so we have
a€ (L — 1) — 1 and therefore:

dney ()i (@) =a(Ap.p) € L = |X (1)

A = B and Vx A are consequences of lemma 4.10.

For VX A, let a € |=-=VYX A| and let X C N. Then we have that
VX Al = Nxcn lAl € |A], so by property of — with respect to
inclusion, [==VX A| C |=-—A|, so a € |-—A| and therefore:

dne dneyt a € |A]

(vxa)t 4=
For exf 4+, if a € |L| then A_.a € |--A| by lemma 4.10 and
therefore exf 4+ (a) = dney+ (A_.a) € |A|. O
Before proving adequacy for the V2e rule, we prove the following

lemma about our inductively defined ¢! and ¢?:

LEmma 4.12. If:

ae ﬂ ({x} — |B| +|-B|)
xeN
X ={xeNlax e {|B||}}

then:

¢apx la/r] € |[A= Alx.B/X]|
04 sx la/r] € |[A[x.B/X] = A
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Proor. We proceed by induction on A. In the X (t) case we need
to prove:

at’ 24 (Aqp.q) (Ag.exfpi) € X (t) = B[t/x]]
at’ 2, (Agp.0) (Aq.q) €|B[t/x] = X (1)]
Ifat’ = {b|} for some b € |B[t/x]| then |X (t)| =N by definition
of X and lemma 4.7, so:
Ap.b e N — |B[t/x]| =|X (¢t) = B[t/x]|
Ap.0 € |B[t/x]| = N =|B[t/x] = X (1)]
Ifat’™ = {| b} for some b € |-B [t/x]| then |X (¢)| = 1 by defini-
tion of X and lemma 4.7, so:
exfgr € L — [B[t/x]| = |X (t) = B[t/x]|
be[B[t/x]| - L =[B[t/x] = X (1)]

The cases Y (¢) for Y # X, A; = Bj and Yy A are consequences
of 4.10, and the case VY A is a consequence of:

IVY(C=>D)|Cc|VYC=VYD| O
Finally, we prove adequacy for the V2e rule:

PROPOSITION 4.13. For each proof in second-order arithmetic with-
out the ¥Y2e rule:

p1:AL .., pn:An T VXA
such that FV (A1, ..., Ap, VX A) C {x1,...,xm, X1, ..., Xi }, ift

(x1,...,xm) € N
(X1,...,Xg) € (P (N)K
(a,...,an) € |A1] X ... X |Ap|

then:
(r (x.B) [a1,....an/p1...

ProoF. Let M = 7' [a1,...,an/p1. .., pn] € |¥X Al and let a €
|=A [x.B/X]|. We have to prove:

ur (Ar.a (<”114BXM)) €€ |L]
We apply proposition 4.3 with A, = |B [n/x]| and B = | L| so we
have to prove:

Ara (@LB,X M) e () (x} = IBI +1-B]) — [L]
xeN

ee () Ux} = Bl +{x})
xeN

This second property is immediate since for alln € N, en = { | x}
by proposition 3.4. For the first property, let:

be () ({x} - IBl +|-B|)

xeN

- pnl € |A[x.B/X]]|

so we are left to prove a (qo}qBX [b/r] M) € ||, and since we have
a € |-A [x.B/X]| it suffices to prove:

oupx [b/r] M € |A[x.B/X]|
which is a consequence of lemma 4.12 since:

be () ({x} = Bl +|-B)

xeN
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and M € VX A| C |A[{x e N|bx € {B|}} /X]|. o

We now give an intuition about the computational behavior of
our interpretation of the V2e rule.

The first argument that we give to update recursion for realizing
the V2e rule is some:

ae () (tx} — IBl+[-B) — |L]
x€eN
This realizer is built from the inductively defined ‘Pix,x.B,x and
qof‘ +..x and goes down in the structure of A to find every occurence
of X (2) for some term ¢. For each such occurence, a replaces X (t)
with B [t/x] depending on its input at point ¢, and on whether
X (t) occurs positively (¢') or negatively (¢?) in A:
o if the input of a at point t7 is some {b |} then:
— if X () occurs positively then a uses A_.b as a realizer of
T = B|[t/x]
— if X (t) occurs negatively then a uses a trivial realizer of
Blt/x]=>T
o if the input of a at point t7 is some { | b} then:
- if X (t) occurs positively then a uses exfp: as a realizer
of L = B[t/x]
- if X (¢) occurs negatively then a uses b as a realizer of
Blt/x] = L
We now explain the meaning of the second argument of update
recursion, on which recursion happens. Each partial function:

fe () tx} = IBl+ (D)
x€eN
can be understood as a “current knowledge” about the ns at which
we have a realizer of B (n). For a given f, if f n is some {b | } then
the “current knowledge” is that b is a realizer for B (n). Otherwise if
fnis{|x} then we know nothing about B (n) yet. At the beginning
of the computation we have no information at all so the second
argument is the "empty knowledge" e.

Update recursion then has to provide a with some realizer of
MNxen ({x} — |B| +|—=BJ), that is, a "perfect knowledge" that pro-
vides for each n either a realizer of B (n), or a realizer of —B (n).
The way it approximates such a perfect knowledge is as follows:
if n is such that fn = {b|} for some b € |B(n)|, then the "cur-
rent knowledge" already contains a realizer for B (n), so update
recursion can simply return it. Otherwise, update recursion has to
provide either a realizer of B (n), or a realizer of =B (n). At that
point update recursion chooses to build a realizer of =B (n) by read-
ing from a a realizer b of B (n) and making a recursive call with an
extended knowledge that contains b as a realizer of B (n). Inside
the recursive call, if a reads again its input at point n then update
recursion will use the new current knowledge and answer with this
same b that a provided before the recursive call.

This recursive process will eventually stop at some point because
a being continuous, it can only look at the “current knowledge” at
a finite number of points.

4.6 Extraction

The adequacy theorem gives us the possibility of extracting pro-
grams from proofs in second-order arithmetic, as witnessed by the
following extraction theorem:
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THEOREM 4.14. Each proof in second-order arithmetic of a closed
formula of the formVxVX (Vy (t = 0 = X) = X) (which is the usual
second-order encoding of Vx3yt = 0) can be extracted to a program
M : 1 — 1 such that for all x € N there exists y € N such that
MXx ~»>* 3 with [t] = 0.

ProOF. Let 7 be a proof of Vx3y ¢ = 0. The adequacy lemma
gives us for each x € N, rixe |Vy (t =0 = 0) = 0|. Fix now:

L ={y eN|[t| =0}

We now prove that Ayp.py € |Vy (t =0 = 0)|. Let y € N and let
a € |t=0] = [VY (Y (¢t) = Y (0))|. In particular for Y = N\ {0},
a € |Y (t)] = L. There are two cases:

o If [t| = 0, then y € 1 = |Y (¢)| by definition of L,

o if [t| #0then |Y (t)| =Nsoy € |Y (2)].
In both cases ay € IL. Therefore we get:

Ayp.py € |[Vy (t =0 = 0)]|
so:
7' x (Qyppy) € L = {y e N|t] =0}
We can therefore define:
M= x.x" x Ayp.py)

and we have by proposition 3.7 that for all x € N there exists y € N
such that Mx ~»* 7 and |t| = 0. O

5 CONCLUSION AND FUTURE WORKS

We have defined a bar recursive interpretation of second-order
arithmetic presented as arithmetic with quantification on predi-
cates rather than the equivalent axiom scheme of comprehension.
This presentation of second-order arithmetic is the one that most
closely reflects the typing rules of polymorphic A-calculus, and as
such we made a step towards a comparison of the two families of
interpretations of second-order arithmetic: bar recursion and sys-
tem F. As a future work we would like to deepen the understanding
of the connection between these two principles by comparing the
computational behavior of programs extracted from a single proof
via the two techniques.

Another aspect that we would like to study is wether it is pos-
sible to use control operators in the interpretation of the V2e rule.
Indeed, there is a strong connection between the negative transla-
tion of proofs and the continuation-passing style (cps) translation
of programs, the latter being the Curry-Howard equivalent of the
former. Calculi with control features have been designed to inter-
pret classical proofs directly. Most of these calculi contain a notion
of duality that corresponds on the logical side to the duality be-
tween a formula and its negation, and on the computational side
to a call-by-name or a call-by-value evaluation strategy. During
the computation of an approximation to the "perfect knowledge"
mentioned in the previous section, update recursion has an asym-
metric behavior that consists in building a realizer of =B by reading
a realizer of B and making a recursive call with a new knowledge
extended with this new realizer. This behavior corresponds to the
call-by-name interpretation of the excluded middle under a cps
translation. We would therefore like to have a version of update
recursion that uses control operators and can be translated either
to the current version through a call-by-name cps translation, or to
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a dual version through a call-by-value cps translation. Moreover,
control operators can capture context and restore it at a later point.
We would like to explore the possibility of using this property to
define more intuitive versions of our ¢! and ¢? that could act on
all instances of X () in a formula through context capture.
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