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MINIMALLY MANY-VALUED MAXIMALLY PARACONSISTENT
MINIMAL UNARY SUBCLASSICAL EXPANSIONS OF LP

ALEXEJ P. PYNKO

Abstract. Here, for any n > 2, we propose a minimally n-valued (i.e., m-valued,
for no 0 < m < n) mazimally paraconsistent (i.e., having no proper paraconsistent
extension) subclassical (i.e., having a classical extension) expansion Cy of the logic
of paradoxr LP by solely unary connectives, elimination any of which gives rise to
loosing either minimal n-valuedness or (even, axiomatic) maximal paraconsistency,
C3 being exactly LP. And what is more, we prove that, in case n = [>]4, like
for LP [resp., HZ/LA|, there are just two proper consistent extensions of C,, —
the classical one, defined by the two-valued submatrix A,.2 of the n-valued matrix
Ay, defining C), and relatively axiomatized by the Resolution/“Modus Ponens” rule
/“for material implication” [or ({un}like HZ/LA {resp., LP}) by a single axiom],
and its proper sublogic, defined by the direct product of A,, and A,:2 (in which case
having the same theorems as C, has, and so not being an axiomatic extension of
Cr) and relatively axiomatized by the Ez Contradictione Quodlibet rule. Finally,
we find both a sequent axiomatization of C), with Cut Elimination Property that is
algebraizable iff n # 4, Cy, as such being algebraizable iff n > 4, in which case it is
equivalent to its sequent axiomatization, and a finite Hilbert-style one as well as, in
case n > 4, finite equational axiomatizations of the discriminator variety equivalent
to both C), and its sequent axiomatization.

Key words: logic; matrix; extension; sequent; calculus; discriminator.
MSC 2020: 03B20, 03B22, 03B50, 03B53, 03G10, 03F03, 08A40, 08B05,
08C15.

§1. Introduction. Appearance of any logic/calculus satisfying a prop-
erty P inevitably raises the question whether it can not be enhanced (by
extending with new — viz., non-derivable — rules [without premises]) but
with retaining the property P, in which case it is said to be [aziomatically/
maximally P.

Within the framework of Paraconsistent Logic, P is paraconsistency
— viz., refuting the Ez Contradictione Quodlibet rule. Then, maximal
paraconsistency (versus it axiomatic version first observed in [24] for P!)
was first discovered in [12] for the logic of paradoxr LP [10] and then
also proved in [16] for HZ [4] and for arbitrary expansions of the logic
of antinomies LA [1] in [19]. And what is more, it has been proved
for arbitrary conjunctive paraconsistent subclassical three-valued logics
(including all the particular logics mentioned above, and so providing a
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first proof of the maximal paraconsistency of P!; cf. the reference [Pyn95
b] of [12]).

On the other hand, according to [20], there are minimally four-valued
maximally paraconsistent (even subclassical) logics. This, first, has defi-
nitely shown that the maximal paraconsistency is not at all a prerogative
of three-valued logics, and, second, has inevitably raised the question
whether there is any limit n > 0 such that any minimally m-valued
paraconsistent logic is maximally paraconsistent, for no m > n. The
stipulation “minimally” is essential here, simply because any n-valued
matrix has an m-valued strict surjective homomorphic counter-image, for
any m > n, in which case any n-valued logic is equally m-valued, and
so the above three-valued maximally paraconsistent instances would im-
mediately yield the negative answer to the question under consideration
but without the stipulation involved. The primary purpose of this paper
is to give a (negative) answer with taking the mentioned stipulation into
account, the secondary one being to find the lattices of extensions, both
sequent and finite Hilbert-style axiomatizations as well as finite equational
axiomatizations of equivalent varieties (if any) of proposed instances, for
these, being closely related to LP, have appeared quite interesting.

The rest of the paper is as follows. The exposition of the material is
perfectly self-contained (of course, modulo very basic issues of Set and
Lattice Theories, Universal Algebra and Mathematical Logic to be con-
sulted in standard mathematical handbooks like [2, 6, 7] or fundamental
papers like [5]). We entirely follow the standard conventions (most of
which have become a part of logical and algebraic folklore constituting
foundations of General Logic) adopted in [20], to Sections 2 and 3 of
which the reader is referred just in case it is necessary. Section 2 is then
to provide certain key issues proving beyond the scopes of the mentioned
study, those appearing therein being still briefly recalled for the sake of
self-containity. Finally, Section 3 is devoted to the main results of the

paper.

§2. Preliminaries. As usual (cf., e.g., [7]), natural numbers (includ-
ing 0) are treated as ordinals (viz., sets of lesser natural numbers), the
set of all them being denoted by w, while functions are viewed as binary
relations with the left/right components of their elements as their argu-
ments/values, respectively, but with standard (viz., left-|right-hand) writ-
ing functions|arguments, respectively, in which case though (f o g)(a) =
g(f(a)), where f and g are functions with (img f) C (domg) and a €
(dom f) = dom(f o g), whereas singletons are identified with their unique
elements, unless any confusion is possible. Likewise, given any set .S (and
any equivalence relation 6 on it), let p(4(S) [Where a C w] be the set of all

subsets of S [of cardinality in a] (as well as both vy = {(s,0[{s}]) | s € S}
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and (T/0) = vg[T)], where T C S). Then, given any f : S — S, set
fl'2 fand f° 2 Ag £ {(s,s) | s € S}, binary relations of the latter
kind being referred to as diagonal. Next, any S-tuple (viz., a function
with domain S) is normally written in the sequence form ¢, its s-th com-
ponent (viz., the value on argument s € S) being written as t;. Further,
set ST 2 Uje(onny S's elements of S* £ (S° U S*) being identified with
ordinary finite tuples/”comma separated sequences”. Then, any binary
operation ¢ on S determines the equally-denoted mapping ¢ : ST — S as
follows: by induction on the length (viz., domain) [ of any a € ST, put:

(03) & {ao it =1,

(e(af(l—1)))oa;—1 otherwise.

Finally, an enumeration of S is any bijection from its cardinality |.S| onto
S.

In general, to unify algebraic notations, unless otherwise specified, al-
gebralic system]s [cf. [6]; (including logical matrices; cf. [5])] are denoted
by capital Fraktur [resp. Calligraphic| letters, their underlying sets (viz.,
carriers) [resp., underlying algebras (viz., algebra reducts)] being denoted
by corresponding capital Italic [resp., Fraktur] letters.

Let ¥ be a (propositional/sentential) language|signature constituted
by (propositional/sentential) connectives to be viewed as function sym-
bols. Then, the absolutely-free YX-algebra, freely generated by the set
V, = {z; | i € w} of (propositional/sentential) variables, is denoted
by §my, the standard algebra superscript being normally omitted in
writing its operations, elements of its carrier Fmy being called (proposi-
tional/sentential) ¥.-formulas to be viewed as X-terms. As usual, any cou-
ple (¢, ¢) of X-formulas is viewed as a X-equation/-identity to be written
in the standard equational form ¢ = 1. Likewise, a (two-side) X-sequent
is any couple (¢, 1)) of finite tuples of ¥-formulas normally written in the
standard sequential form ¢ F 1.

Recall that a (ternary) discriminator for a Y-algebra! 2 is any Y-
formula ¢ with at most three variables xq, 21 and xo such that

6 [zi/ailics = {a2 i ao o

ag otherwise,
for all @ € A3, in which case, for any § € (Con(2A) \ {A4}), any (a,b) €
(0\ Ay) and any ¢ € A, we have ¢ = 6%(a,b,¢) 6 6*(a,a,c) = a, and
so we get § = A? (in particular, 2 has no non-diagonal congruence other
than A?%).

! Algebras with discriminator are also referred to as quasi-primal (cf., e.g., [9]).
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As usual, [bounded] distributive lattices (cf., e.g., [2]) are supposed to
be of the signature X9 £ ({A, V}U{L, T}]) with binary A (conjunc-
tion/meet) and V (disjunction/join) [as well as nullary L (falsehood/zero)
and T (truth/unit)]. Given any n > 0, by D,,9;) we denote the [bounded]
distributive lattice given by the chain poset (n,<). In general, given any
signature ¥ O ¥ and any ¢, € Fmy, either ¢ < ¢ or ¢ £ ¢ stands
for the Y-equation (¢ A 1)) ~ ¢. Likewise, given any X-algebra 2 such
that A[X4 is a lattice, “the partial ordering” /“[prime| ideals|filters” of
the latter “is denoted by <®”/“are called those of A", respectively. Let
DI = (X4j011 U{~}) be the signature with unary ~ (negation). Then,
a [bounded] Kleene lattice is any ¥ oy-algebra 2, the ¥ (g-reduct of
which is a [bounded] distributive lattice and which satisfies the identi-
ties:

~T R X0,
~(xo V x1) & ~xo A~y

N(l‘o AN .Tl) ~ ~xgV ~T,

(
(
(
(

N R
— N N

2.
2.
2.
2. (o A ~xo) S (21 V ~a1)

~

[in which case it satisfies the identities:

(2.5) ~LrT,
(2.6) ~Tr L,

and also called a Kleene/Boolean algebra (following a traditional termi-
nology; cf., e.g., [2]) /“whenever each element of it is Boolean”, any a € A
being referred to as Boolean, whenever (a A* ~*a) = 1, that is (in view
of (2.1), (2.2), (2.3), (2.5) and (2.6)), (a V* ~%a) = T2, the set b* of
all Boolean elements of 2 forming a Boolean subalgebra of it]. Given
any n > 0, by f,0;) we denote the [bounded] Kleene lattice such that
(Rnjo1 X 4p01)) = Dpjo1) and, for all i € n, ~Fniorg & (p — 1 —4).

Next, elements/subsets of pp(Fmy) x Fmy are called { Hilbert-style}
(propositional|sentential) [aziomatic] X-rules/-calculi, respectively, any
[axiomatic] X-rule (T',¢) being normally written in the standard inline

' — ¢ or displayed ) forms and semantically viewed as the infinitary ba-
sic Horn formula (A I') — ¢ of the first-order signature XU{D} with single
unary truth predicate D — under the identification of any Y-formula
with the atomic first-order formula D()) — [as well as being referred to
as a (propositional|sentential) X-axiom and identified with ¢]. Then, set
(% )= ({%} U {% | 1 € T'}). Likewise, as usual, any Y-sequent ¢ - 1 is

semantically treated as the first-order disjunct \/(—=[D[img ¢] U D[img 1))
of the first-order signature involved.
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Unless otherwise specified, throughout the paper, (/¢ is supposed to be
a (possibly, secondary) unary/binary connective of ¥ (i.e., a X-formula
with at most one/two variable/s zo/“ and z1”).

Now, recall that a (propositional/sentential) 3-logic (cf., e.g., [5]) is
any closure operator C over Fmy that is structural in the sense that
olC(X)] € C(o[X]), for all X C Fmy and all ¢ € hom(Fmyg, Fmy).
Then, a ¥-rule I' — ¢ is said to be satisfied in C, provided ¢ € C(T),
Y-axioms satisfied in C' being called its theorems. Next, a X-logic C' is
said to be a [proper] extension of C (C C [C]C’, in symbols), provided
[C" # C and] C(X) C C'(X), for all X C Fmy, in which case C' is referred
to as a [proper] sublogic of C'. Then, C' is said to be aziomatized by a[n
axiomatic] X-calculus € (relatively to C), provided C’ is the least {under
the extension partial ordering C} 3-logic (being an extension of C' and)
satisfying every X-rule in € [(in which case C’ is called an aziomatic
extension of C)]. Further, C is said to be <o-conjunctive|-disjunctive,
provided C(X U{¢ <o ¢}) = C(C(X U{o})(UN)C(X U {y})), for all
X C Fmy and all ¢,9 € Fmy. Likewise, C' is said to be weakly o-
implicative, provided it satisfies the Modus Ponens rule:

(2.7) {zog,zp0 21} — 171

and has Deduction (viz,. Herbrand; cf. [7]) theorem (DT/HT) with respect
to ¢ in the sense that, for all ¢ € X C Fmy and all ¢ € C(X), it holds
that (¢ o) € C(X \ {¢}), in which case the following axioms:

(2.8) (zo © o),
(2.9) (zo © (71 0 20),
(2.10) (xoOxl)O((.%j <>:E2)<>(:L‘0<>x2))

are satisfied in C'. Then, C is said to be (strongly) o-implicative, whenever
it is weakly so and satisfies the Peirce Law axiom (cf. [8]):

(2.11) (((wo ] a:l) ] fL’o) ] 5170).

Furthermore, C' is said to be {aziomatically} (mazimally) [1-para]consis-
tent, provided z; ¢ C([U{x0,x0}]) (and C has no proper [-paralcon-
sistent {axiomatic} extension). Finally, given any ¥’ C ¥, we have the
Y/-logic C', given by C'(X) £ (C(X) N Fmy), for all X C Fmyy, called
the X' -fragment of C, in which case C' is referred to as a (3-)ezpansion
of C.

As usual, any (logical) L-matriz A = (A, DA) with its underlying ¥-
algebra 2 and its truth predicate (viz., the set of its distinguished values)
DA C A (cf., e.g., [5], to which the reader is referred for the conception of
the logic Cny4 of/“defined by” A) is treated as a first-order model structure
(viz, an algebraic system; cf. [6], to which the reader is referred for
notions of [subldirect product|power, subsystem, etc.) of the first-order
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signature ¥ U {D}, in which case any ¥-rule is true (viz., satisfied) in A
iff it is satisfied in Cny. Then, A is said to be ©-conjunctive/-disjunctive,
provided, for all a,b € A, (ao*b) € DA iff both/either a € DA and/or
b e DA, “that is,” /“in which case” its logic is so, respectively. Likewise,
A is said to be o-implicative, provided, for all a,b € A, (a 0% b) € DA
iff either a ¢ DA or b € DA, in which case it is V-disjunctive, where
(w0 Vo 1) 2 ((z0 0 21) 0 21), and so its logic is strongly o-implicative, for
(2.11) = ((zoox1)Voxp). Next, Ais said to be [1-para/consistent, provided
A # DA [and {a,1®a} C DA, for some a € A], that is, the logic of it is so.
Likewise, A is said to be l-negative, provided (a € DA) < (*a ¢ D),
for all a € A. Further, according to [17], an equality determinant for A
is any set & of ¥-formulas with at most one variable xy such that any
a,b € A are equal, whenever, for every ¢+ € 3, it holds that (:%(a) €
DA) & (A(b) € DA). In that case, given any a € A, set S,/ =
{t € | *a) € / ¢ DA}, respectively. Furthermore, according to
[15], a set € of Y-equations with at most one variable x¢ is said to define
(equationally) truth [predicate] of/in A, provided, for all a € A, a € DA
iff A = (A e)[xo/a]. Likewise, according to Appendix A of [19], a set & of
Y-equations with at most two variable xy and z; is called an equational
implication for A, provided, for all a,b € A, (a € DA) = (b € DA
iff A = (Ae)[zo/a,x1/b]. Next, a congruence of A is any 6 € Con(2)
such that A[D*] € D4 (in which case we have the quotient Y-matrix
(A/0) & (A/6,DA/6)), the set of all them being denoted by Con(A), A
being said to be simple, whenever Con(A) = {A4}. Then, the transitive
closure O(A) of |JCon(A) is the greatest congruence of A. Further, A
is said to be a model of a YX-logic C, provided its logic is an extension
of C, the class of all them being denoted by Mod(C'). Furthermore, A
is said to be finite[ly-generated]/ “generated by B C A”|n-valued, where
n > 0, whenever 2 is so|n-element, respectively, the logics of n-valued
Y-matrices being well-known to be finitary (cf. [5]) and referred to as
[minimally] (uniform) n-valued [unless they are m-valued, for any 0 <
m < n]. Then, both two-valued and (-negative 3-matrices are said to be
L-classical, [sublogics of] their logics being referred to as !-[sub/classical. In
addition, A is said to be false-singular, provided A\DA has no more than
one element. Finally, given any ¥/ C 3, A is said to be a (X-)ezpansion
of (A[X') £ (AIX', DA), then defining the ¥/-fragment of the logic of A.

Given Y-matrices A and B such that the set homESS]) (A,B) £ {h ¢

hom(2, B) | [R[A] = B,]DA C h='[DB](D DA)} of all (strict) [surjective]
homomorphisms from A [onfto B is not empty (in which case A is ©-
conjunctive|-disjunctive|-implicative if[f] B is so, while the logic of A is a
[non-proper| extension of the one of B; cf. (2.2) of [20], whereas (ker h) €
Con(A), and so h is injective, whenever A is simple; cf. Remark 2.2 and
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Corollary 2.3 of [20]), injective/bijective strict homomorphisms from A to
B being called embeddings/isomorphisms of/from A into/onto B, B|A is
referred to as a (strict) [surjective] homomorphic image|counter-image of
A|B, respectively. Then, the class of all “(consistent) submatrices” / “strict
surjective homomorphic [counter-]images” of members of any class M of
Y-matrices is denoted by (S(*)/H[_l])(l\/l), respectively.

2.1. False-singular matrices.

2.1.1. Conjunctive matrices.

LEMMA 2.1. Let A be a false-singular o-conjunctive X-matriz, f € (A\

DA), I a finite set, B an I-tuple constituted by consistent submatrices of
A and D a subdirect product of it. Then, (I x {f}) € D.

PROOF. By induction on the cardinality of any J C I, let us prove that
there is some a € D including (J x {f}). First, when J = &, take any
a € D # @, in which case (J x {f}) = @ C a. Now, assume J # &. Take
any j € J C I, in which case K £ (J\ {j}) C I, while |K| < |J|, and
so, as Bj is a consistent submatrix of the false-singular ¥-matrix A, we
have f € Bj = 7;[D]. Hence, there is some b € D such that 7;(b) = f,
while, by induction hypothesis, there is some a € D including (K x {f}).
Therefore, since J = (K U {j}), while A is both o-conjunctive and false-
singular, we have D > ¢ £ (ao® b) 2O (J x {f}). Thus, when J = I, we
eventually get D > (I x {f}), as required. =

2.1.2. Implicative matrices.

LEMMA 2.2. Let A be a false-singular X-matrixz and C the logic of it.
Then, the following are equivalent:

(i) C is stronly o-implicative;

(ii) C is weakly o-implicative;

(iii) C (viz., A) satisfies (2.8), (2.9) and (2.7);
)

(iv) A is o-implicative.

ProoOF. First, (iv/ii)=(i/iii) are immediate. Next, (ii) is a particular
case of (i). Finally, assume (iii) holds. Consider any a,b € A. Then, by
(2.7) and (2.9), (a o*b) € / ¢ DA, whenever b € / ¢ DA/ > a. Now,
assume a ¢ D # b, in which case a = b, and so, by (2.8), DA 3 (ao¥a) =
(a o b). Thus, (iv) holds. =

§3. Main results. Fix any n > 2.

Let Ny = {i € (n=1)\1) | (2+4) < (n[-1])}, B = (SejonU{0; | i €
N,—}U{V,|n>4,j € N,}) [whenever n > 3] the signature with unary
connectives in %, \ ¥ 1), An the X,-matrix with (20, 1)) = K1)
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DA & (n\ 1) and, for all k € n:

n—1 ifi<k,
(3.1) oM 2 _
0 otherwise,

for all ¢« € N,,_, as well as, in case n > 4:

 ifke((n—1)\1)
L ’
J {k otherwise,

for all j € N, and C,, the logic of A,. Then, A, is false-singular (as
well as both A-conjunctive, V-disjunctive and ~-paraconsistent, and so
is Cy). Moreover, Cs is the logic of parador LP [10] (cf. [12]). And
what is more, {0,n — 1} forms a subalgera of 2l,,, in which case A2 =
(Apl{0,n —1}) is a ~-classical model of C,,, and so this is ~-subclassical
(more precisely, it is a sublogic of the ~-classical logic CF'© of A,,.5), while
hoo 2 ((R\ 1) x {n —1}) U {(0,0)}) € hom§(A,[S, A,2[X4), so the
¥, -fragment of C,, is equal to that of CLC, whereas hy.3 2 ((((n—1)\1) x
{11)U{{0,0), (n —1,2)}) € homZ (A, [Z~, A3), in which case LP = C3 is
the X -fragment of C},, and so, being then defined by A, [X~, is n-valued.

LeEMMA 3.1. S, = ({z0,~x0} U {0i~z¢ | i € N, j € 2}) is an equal-
ity determinant for A,.

ProoF. Consider any k,l € n such that & < [ and the following com-
plementary cases:

o 0c {k1},
in which case k =0# [, and so k & DA~ 5 [.
o 0 & {k,I}.
Consider the following complementary subcases:
— (n—1) € {k1},

in which case (n —1 —k) # 0 = (n — 1 —1), and so ~*nk =
(n—1-k)eDMF(n—-1-1)=~l,
= (n=1) & {k1}.
Consider the following complementary subsubcases:
* | € Ny,
in which case [ > k € N,_, and so 8%”16 =0¢ DA >
(n—1) =™l
x | & Ny,
in which case (n —1—%k) > (n —1—-1) € N,_, and so
O~k =02 (n—1-k)=(n—-1) € DA $0=
M (n—1-1)=d" _,~¥l. =

n—

To unify further notations, set C;;*C¢ £ C,, and A,,_.o = A,,.
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Now, we are in a position to prove the following key lemma “killing two
birds — the minimal n-valuedness and maximal ~-paraconsistency of C,
— with one stone”:

LEMMA 3.2 (Key Lemma). Let B be a [~-para/consistent model of C,,.
Then, Ay_).2 1s a strict surjective homomorphic image of a submatriz of

B.

PROOF. Then, there is [resp., are some a € D? and] some b € (B D?)
[such that ~®a € DP], in which case the submatrix D of B generated
by {[a,]b} is a finitely-generated [~-para|consistent model of C,, and so,
by Lemma 2.7 of [20], there are some finite set I, some & € S.(A,)7,
some subdirect product F of it, some ¥,-matrix G and some (g|h) €
homg(D|F,G). In that case, F is [~-para]consistent, and so I # @. Then,
by Lemma 2.1, e 2 (I x {0}) € F, in which case F' 3 ~Se = (I x {n—1}).
[Moreover, there is some ¢ € D¥ such that ~S¢ € D7, in which case
ce((n—1)\1)!, and so d = (cASc) € N.. Consider any i € N,, and the
following complementary cases:

o n <4,

in which case N,, = {1}, and so i = 1. Then, F' 5 d = (I x {i}).

o n >4

in which case V; € %, and so F' 3 V3d = (I x {i}).
Thus, in any case, F' 5 (I x {i}). On the other hand, for every j €
((n=1)\1)\ Nn), (n—1—7) € Ny, in which case F 5 (I x {n—1—j}),
and so F > ~S(I x {n—1—3}) = (I x {j}).] In this way, {I x {k} |
k€ Ay_j:2} € F. Hence, as [ # @, f 2k, I x{k}) | k€ Ap[—):2} is an
embedding of A,_}.; into F, in which case, by Lemmas 3.2, 3.3 of [20]
and 3.1, f o h is that into G, and so img(f o h) forms a subalgebra of &.
Then, H = g~ ![img(f o h)] forms a subalgebra of ®, while H = (D H) is
a submatrix of B, whereas ((9]H) o (ho f)™') € hom§(H, An—):2)- =

THEOREM 3.3 (cf. Theorem 2.1 of [12] for n = 3). ciIPC s mazimal-
ly [~-para]consistent.

PROOF. Let C be a [~-para]consistent extension of CT[L_}PC, in which
case 11 ¢ T = C(@[U{wg,~x0}]), and so, by the structurality of C,
B £ (Fmy,T) is a [~-para]consistent model of C (in particular, of Cy,).
Hence, by Lemma 3.2, A,_.2 € Mod(C), in which case C’,[f]PC is an

}PC, as required. =

extension of C, and so C = Cq[z_
THEOREM 3.4. C, is minimally n-valued.

PROOF. Let B be a Y,-matrix defining C,,, in which case, as C,, is ~-
paraconsistent, B € Mod(C,,) is ~-paraconsistent, and so, by Lemma 3.2,
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there are some submatrix D of B, being a strict surjective homomorphic
counter-image of A,,. In this way, n = |4, | < |D| < |B|, as required.

Further, we argue that each of the supplementary unary operators in
¥, \ X~ is necessary for both Theorems 3.3 and 3.4 to hold.

PROPOSITION 3.5. Leti € N,_, ¥/ C (£, )\ {8;}), A, £ (A,1Y) and
CJ, the logic of Al,. Then, C) is non-minimally n-valued.

PROOF. Then, (i+1) < (n—1), for, otherwise, we would have (i+1) >
(n—1) > (2-4), in which case we would get ¢ < 1, and so would eventually
get i =0¢ Np—. Thus, D £ {i,i+1,n—1—i,n—2-i} C((n—1)\1) C
DAn . In particular, in case n > 4, V?l“d =j,foralld € Dandall j € N,,.
Let 9 2 (A, U{(i,i+1),(n—1—14,n—2—14)}). Consider any (a,b) €
(9 \ Ap), in which case min(a,b) = (max(a,b) — 1), and so, for all ¢ € n,
we have (a(A|V)?nc) = (B(A|V)Pnc) = (c(A|V)®a) = (c(A|V)*b) = ¢, if
¢ < | > (min|max)(a,b), and both (a(A|V)?*c) = a = (¢(A|V)®*a) and
(b(AIV)*ne) = b = (c(A|V)**D), otherwise. Then, in case n > 4, for all
J € Np, <V?l”a, V?[“b> € A, C ¢¥. Now, consider any k € (N,_ \ {i}).
Let us prove, by contradiction, that k # (n — 2 — i). For suppose k =
(n —2 —14), in which case, as k € N,,_, we have (2-(n—2—1)) < (n —2),
and so we get (n —2) < (2-1). Conversely, as i € N,,_, we also have
(2-1) < (n—2), in which case we get (n —2) = (2-14), and so we
eventually get k = (n—2—14) = ((2-7) —¢) = 4. This contradiction shows
that k # (n — 2 — ). Thus, we have k # min(a,b). Therefore, 9}"a =
1= 3,?“1), if & < min(a,b), and 6%"& =0= 3,31“b, otherwise. Hence,
(8Zlna, 82lnb> € A, C 9. Finally, we clearly have (~%q, ~?b) € 9. In
this way, ¥ 2 A,, is closed under unary algebraic operations of 2/,. Then,
the transitive closure § of ¥ U9 ~! is a non-diagonal congruence of A/, in
which case C!, is defined by B £ (A’ /6), for vy € hom$(A., B), and so is
not minimally n-valued, for |B| < |AL| = n, as required. !

In general, when Ny ,—) # @ (i.e., 1 € Ny, that is, n > (2[3)),
let (Ilm)y, £ max(Ny|(n—)) € Npj(n_), in which case N,y = ((I|m)n +
1)\ 1), and so ((I|m)n + 1) = (Np|(n—) U 1), respectively. Moreover, when
2 € N, (ie, n>4> 3, that is, Vo € ¥,, 5 01), we have the secondary
unary connective dyzg = 91 Vaxg such that

52) agtnaé{o if a = 0,

n —1 otherwise,
for all a € n, in which case (3.1) holds, for all i € (m, + 1), and so
(3.3) (img &2") C Ay
Let (xg D x1) £ (~0gxo V doz1). Then, by (3.2), A, is D-implicative (in
particular, C,, is so), for A,.2 is both ~-negative and V-disjunctive.
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PROPOSITION 3.6. Supposen > 4. Leti € Ny, (X U{0;|j € No—}) C
Y C (B \{Vi}), AL & (AL 1Y) and C! the logic of Al. Then, C" is
(axiomatically) non-maximally ~-paraconsistent.

PROOF. In that case, B = (A, \ {i,n —1 —i}) 3 0 forms a subalgebra
of A for (n —1—14) € ((n—1)\'1)\ Np), unless (n — 1 —1) = i,
because i € N, and, as n > 4, is not disjoint with (n — 1) \ 1, in which
case B = (A”|B) is a ~-paraconsistent submatrix of A”, and so defines
a ~-paraconsistent extension C’ of C//. To prove that this is a proper
axiomatic extension, consider any submatrix D of A” with ¢ € D (in
particular, D = A”), in which case (i — 1) € (m, + 1), while, for every
ken, (i—1) <k <iiff k=14, and so the X'-axiom 09;_1z¢ D 0;x¢ is
true in B but is not true in D under [z /1], in view of the D-implicativity
of A and (3.1). In this way, Corollary 2.9 of [20], due to which C” is the
(proper) axiomatic extension of C// relatively axiomatized by the axiom
involved, completes the argument. -

Finally, the following immediate observation discloses more connections
between C,, and LP, unless n = 3:

PROPOSITION 3.7. Suppose n > 3. Let X, C X" C (£,\{0; | i €
Ny}, A7 & (A", C the logic of A” and AY' the %' -expansion
of Az by diagonal operations. Then, hp.3 € hom3(A”, AY). In partic-
ular, C)' is defined by A5, in which case it is an n-valued term-wise
definitionally equivalent expansion of LP.

3.1. Extensions. In case n = 3, the lattice of extensions of C,, = LP
has been due to [15]. Here, we mainly explore the opposite case, when
n > 3, and so 1 € N,_ (in particular, 9; € ¥,). On the other hand,
its complementary subcases n = 4 and n > 4 are essentially different
(especially, methodologically), so these are discussed separately but the
following points, being common for all n > 2.

First, by CNP we denote the least non-~-paraconsistent extension of
Ch, that is, the proper extension of C), relatively axiomatized by the Fz
Contradictione Quodlibet rule:

(34) {wo,Nxo} — X1.

Likewise, by CMP we denote the extension of C,, relatively axiomatized
by the Modus Ponens rule for material implication:

(3.5) {.%0, ~xo V 33‘1} — Z1.

Then, by the V-disjunctivity of C,,, CMP is an extension of CN¥. Fur-
thermore, (3.5), being true in A,.2, is not true in A, X A,.o under
[zo/(1,n —1),21/(0,n — 1)], in which (3.4) is though true, and so, since
(mol(n x {0,n — 1})) € homS(A, x An.2, An), by (2.3) of [20], we have:
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PROPOSITION 3.8. CNP(@) = C,(2). In particular, CNY is not an
axiomatic extension of C,.

Next, by CR we denote the extension of C), relatively axiomatized by
the Resolution rule (cf. [23] for roots of such terminology):

(3.6) {:L’o V x1,~x9 V 1‘1} — 7.

Then, since (~(zo V x1) V x1) € Cp({zo V x1,~z¢ V 21}), by the V-
disjunctivity of C,, we have:

(3.7) CR = oMP,

Finally, remark that, unless n = 3, 2,,.2 is the only proper subalgebra
of A, because, for any k € ((n — 1) \ 1), providing n = [#]4, it holds
that ((n — 1)\ 1) = {(~%)I[VI](k A% ~2nk) | j € 2,5 € N,]}, while
(0(+(n—1))) = aP" (1(+1)) whereas (0{+(n—1)}) = ~*((n—1){—(n—
1)}). Otherwise, As.o is though the only proper consistent submatrix of
As. And what is more, providing C), is o-implicative (viz., A,, is so; cf.
Lemma 2.2), the Ex Contradictione Quodlibet axiom:

(3.8) xg © (~wp © 1),

being true in A,.2, for this is both ~-negative and o-implicative, is not
true in A, under [zo/1,21/0]. In particular, by Corollary 2.9 of [20], we
have:

PRroOPOSITION 3.9. C, has a proper consistent axiomatic extension iff
CPC s an aziomatic extension of C, in which case CEC is a unique
proper consistent axiomatic extension of Cp, and so CXC(2) # Cn(2).
In particular, providing C, is o-implicative (viz., A, is so; cf. Lemma
2.2), CPC is a unique proper consistent axiomatic extension of C, and is
relatively axiomatized by (3.8), in which case CYC(@) # Cn(2).

3.1.1. The four-valued case.

LEMMA 3.10. Let I be a finite set, B e S*(A4)I and D a consistent
non-~-paraconsistent subdirect product of it. Then, hom(D, Ay.2) # 2.

PROOF. Let us prove, by contradiction, that there is some ¢ € I such
that ;[ D] C Ay.o. For suppose m;[D] C Ao, fornoi € I. By induction on
the cardinality of any J C I, we prove that there is some a € (DN{0,1}{)
including J x {1}. The case, when J = @&, is by Lemma 2.1. Otherwise,
take any j € J C I, in which case K = (J \ {j}) C I, while |K| < |J|,
and so, by induction hypothesis, there is some b € (D N{0,1})! including
K x {1}. Moreover, as 4 D 7;[D] € As.2, there is some ¢ € D such that
mi(e) € (4\A42) = {1,2}. Then, d = (cA®~®c) € D, in which case, for all
iel,m(d) =1,if m(c) € {1,2} (in particular, 7;(d) = 1), and m;(d) = 0,
otherwise (in particular, d € {0,1}!), and so a £ (b V® d) € D, while,
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foralli € I, mj(a) =1, if 1 € {m(b), mi(d)}, and m;(d) = 0, otherwise (in
particular, a € {0,1} includes J x {1}, for J = (K U {j})). Thus, when
J = I, there is some a € D C 4! including (and so equal to) (I x {1}), in
which case D 3 ~®a = (I x {2} € DP > a, and so D, being consistent, is
~-paraconsistent. This contradiction shows that there is some ¢ € I such
that B; = m;[D] C Ag2 # 4, in which case B; forms a proper subalgebra
of 2y, and so B; = Ay.9, while (m;[D) € hom(D, B;), as required. -

THEOREM 3.11. CY¥ is defined by Ay x A4a.

PROOF. Consider any Y4-rule R = (I' — ¢), where T is finite, not
satisfied in O, in which case ¢ ¢ T £ CINF(T'), and so, by the struc-
turality of C}'Y, B & (Fmy,,T) € Mod(C}F). Let V be the finite set of
all variables actually occurring in R. Then, the submatrix D of B gen-
erated by V is a finitely-generated model of C}'Y (in particular, of Cy),
in which R is not true under [v/v],ey. Therefore, by Lemma 2.7 of [20],
there are some finite set I, some £ € S,(A4)!, some subdirect product
F € HY(H(B)) of it, in which case R is not true in F € Mod(C}'T),
and so F is consistent but not ~-paraconsistent. Hence, by Lemma 3.10,
there is some e € hom(F, A4o) # @. Consider any a € (F\ D), in which
case there is some i € I such that E; > 7;(a) ¢ D = (E; N DA), and so
f:F — (4x Au2),b— (m(b),e(b)) belongs to J £ hom(F, Ay x As2),
while f(a) ¢ DA4*A%2 In this way, g : F — (n x Ag2)”,b — (h(D))nes
is a strict homomorphism from F to (A4 x A42)”, in which case R is
not true in Ay X Ay.o, and so the finiteness of the latter completes the
argument. -

Note that
(3.9) 9™ € hom§((24, {2,3}), Asa),

in which case C}© is equally defined by (244, {2, 3}), and so, taking Propo-
sition 3.9 and Theorem 3.11 into account, since {2,3} C {1, 2,3}, we have
the following four-valued analogue of Lemma 4.14 of [15] for the three-
valued case:

LEMMA 3.12. CYC(2) = OMP(2) = CYP (@) = C4(2). In particular,
CEP/PC is mot an axiomatic extension of CZ[NP]/“, in which case Cy has
no proper consistent axiomatic extension, and so is not implicative (viz.,

Ay is not so; ¢f. Lemma 2.2)”.
COROLLARY 3.13. CMF = CFC.

PROOF. By induction on the cardinality of any X € p,(Fmy,), we
prove that CTC¢(X) € CMP(X). The case, when X = @, is by Lemma
3.12. Otherwise, take any ¢ € X, in which case Y £ (X \ {¢}) €
9w (Fmy,), while [Y| < | X|. Consider any 1) € CY°(X), in which case, by
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the ~-negativity and V-disjunctivity of A4.0 as well as induction hypoth-
esis, we have (~¢ V) € CYC(Y) C CMP(Y), and so by (3.5)[zo/¢, 21/1)]
and the structurality of C}F' we get ¢ € C}P(Y U {¢}) = CMP(X), as
required. Then, the finiteness of A4.0 completes the argument. =

LEMMA 3.14. Let C be an extension of Cy. Suppose (3.6) is not sat-
isfied in C. Then, C C C}F.

PrOOF. Then, 1 ¢ T 2 C({zo V z1,~xo V x1}), in which case, by
the structurality of C, B = (Fmy,,T) is a model of C (in particular, of
C4), and so is its finitely-generated submatrix D generated by {z¢, 21}, in
which (3.6) is not true under [z;/z;];c2. Hence, by Lemma 2.7 of [20], there
are some set I and some £ € (H™(H(D)) N S(A%)), in which case (3.6)
is not true in £ € Mod(C') C Mod(C}y), and so, since £ is A-conjunctive,
for Cy is so, while €[> is a distributive lattice, for 4[> is so, there
are some a,b € E such that ((a A€ ~%a) v¢b) € D # b. Then, ¢ £
(aN®~%a) € {0,1}. Given any j € 4, set J; = {i € I | m;(b) = j}. Then,
G#JgCK=2{icl|m(c)=1} Givenany k € 47, put (ko : k1 : ko :
ks :kyg:ks: kﬁ) = (((J3ﬁK) X{ko})U((J3\K) X{k’l})U((JzﬂK) X{kg})U
((J2\K) % [s DU (3 ) x LU (3 K) x Lks U (o i) € 47,
in which case (3:3:2:2:1:1:0)=b€E>¢c=(1:0:1:0:1:0:1),
and so
(3.10) E>d2 (0fbvE(bVvEec)=(3:3:3:3:1:1:1).
Consider the following complementary cases:

o (Jg U JQ) = J.

Then, by (3.10), E > d = (I x {1}), while I D Jy # @, whereas 2y,
having no proper subalgebra other than %l4.5, is generated by any
element of (4 \ A42) = {1,2} 3 1, in which case {(I,I x {l}) |1 € 4}
is an embedding of A4 into € € Mod(C'), and so C' C Cy C CYF.

o (J3 U Jg) #+ .

Note that Ay x Ay is generated by (1,3), for ~%i(1,3) = (2,0), while
((1,3)(A|V)%(2,0)) = (1]2,0|3), whereas 8?ﬁ<1|2,0/3> = (03,0/3).
In that case, since Jy # &, by (3.10), we see that {((l,m),
m:m:m:m:1:10:1)]|1¢€4,m e Asa} is an embedding of
Ay x Aygo into € € Mod(C), and so, by Theorem 3.11, C' C CEP.

After all, combining Theorems 3.3, 3.11, Corollary 3.13, Lemma 3.14
and (3.7), we eventually get the following four-valued analogue of Theo-
rem 4.13 of [15]:

THEOREM 3.15. Proper consistent extensions of Cy form the two-ele-

. MP
ment chain C}F = Cng,xa., S Cy /R = P,
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Concluding this discussion, we should like to highlight three more neg-
ative consequences of (3.9), aside from the second sentence of Lemma
3.12. First of all, if any ¢ C Fm¥ , With at most one variable zo defined
truth in Ay, then, as 1 € D4, we would have 24 = (A €)[z0/1], in which
case, since 971 = 0, by (3.9), we would get 4 = (A&)[z0/0], and so
would eventually get 0 € D44, In particular, as opposed to C3 = LP, the
generic technique developed in §3 of [15] is not applicable to Cy, while
there is no secondary unary/binary connectives (Jo|mo|3)/(= | <) satis-
fying ((3.2)]|“(3.23) below”)/*“(3.11)|(3.12) below”, for, otherwise,

{(((Bo0)|(~7oy3(~M20))) /(~(wo(= | =)L) ~ T}

would define truth in Ay, respectively, whereas, by Propositions 6 and
7 of [18] as well as Lemmas 3.2 of [17] and 3.1, Cy is not algebraizable.
Likewise, if any ¢ C FmQE , With at most two variables zp and z; was an
equational implication for Ay, then, as 1 € D, we would have 2, =
(A\€)[zo/2,x1/1], in which case, since 74(2[1) = (3|0), by (3.9), we would
get Ay = (A€)[zo/3,21/0], and so would eventually get 0 € DA+, for
3 € DA, And what is more, by (3.9), h £ 8;"14 is not injective, for |A4| =
4 &£ 2 =|Ayz|, in which case, as |A4] =4 # 1, (ker h) € (Con(244) \ {42})
is not diagonal, and so 24 has no ternary discriminator. This is why
the advanced algebraic methods used in the next subsubsection are not
applicable to the four-valued case.

3.1.2. The more-than-four-valued case. Here, it is supposed that n >
4, in which case we set (9 = x1) = ((xg D 1) A (z1 D x0)). Then, as A,
is both D-implicative and A-conjunctive, by (3.3), we have:

(3.11) (a =% b) = n—1 if (a=.0)<:>(b:o),
0 otherwise,

for all a,b € n.

Further, as m,, € w, we have the one more secondary binary connective
of ¥ (20 =p 1) 2 (A (Opz0 = OkT1) ke(mn+1))- Finally, put (zo < z1) =
((xo =p 1) A (~x0 =5 ~21)). Then, since I, is an equality determinant
for A, by (3.11) and the A-conjunctivity of A,.2, we eventually get:

(3.12) (0 op =1 ifa=b
0 otherwise,

for all a,b € n. By (3.2), we first conclude that &, £ {9z ~ T} defines
truth in A,,, in which case, in particular, by (3.12), C,, is equivalent to
the quasivariety generated by 2, with respect to «<» and &, in the sense
of [13], and so is algebraizable with respect to < and &,, in view of
Proposition 6 of [18]. And what is more, by (3.12), we see that ((zg <
x1) AN x2) V (~(xg <> 1) A xp) is a ternary discriminator for 2(,. In this
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way, combining Theorem 3.3 of [15] as well as Corollaries 4.3, 4.6, 4.12
and Example B.2 of [19] with (3.7) and Proposition 3.9, we eventually
get:

THEOREM 3.16. Proper consistent extensions of C,, form the two-ele-

ment chain CNY = Cn, x4,, & Cg/IP/R = CPC. Moreover, CFC is the

=

aziomatic extension of Cy, relatively axiomatized by (3.8) with o = D, in

which case CYC(@) # Cp(D).

This subsumes Theorem 3.3, yielding another insight into it, and re-
sembles the corresponding results obtained in [16]/[19] for HZ/LA [4]/[1],
respectively. In general, combining Theorems 4.13 of [15], 3.15, 3.16 as
well as Lemmas 4.14 of [15] and 3.12 with (3.7) and Proposition 3.8, we
have the following universal result:

COROLLARY 3.17. Let n > 2. Then, proper consistent extensions of
Cp form the two-element chain CNY = Cng,xa,., S CMP/R CcPe,
Moreover, CXY (@) = C,(@), in which case CXY is not an axiomatic
extension of Cy,. And what is more, providing n < | > 4, CY9(@) =
| # Cn(@), while CYC “is not an”| “is the” axiomatic extension of C,
| “relatively axiomatized by (3.8) with o = D7, respectively.

This does not depend upon whether exactly n = 3, and so definitely
unifies C5 = LP with its minimally more-than-three-valued maximally

~-paraconsistent expansions.

3.2. Sequent calculi. Here, we propose Cut-free sequent axiomati-
zations of the introduced logics tacitly using Lemma 3.1 and entirely
following the generic approach elaborated in [17] but naturally using the
variables xg and x;, where i € w, instead of p and p;11, respectively,
for both p and p; occur in no sequent [rule] actually dealt with here,
and involving all substitutional instances of sequent rules in construct-
ing derivations as well as at once endowing the calculi to be constructed
with structural rules other than Cut and Contraction, and so disregarding
the item (i) of Definition 1 therein and taking merely those of context-
free canonical sequent axioms (i.e., ones with disjoint injective left and
right sides — viz., components, constituted by formulas in &, alone and
ordered according to any total ordering of 3, [e.g., the one given by
xo < {0k (~)xo < O{~)xo < (Om) }~wo {for all k,1(,m) € N,_ such that
k < 1{(<))m} and supposed below]), in the item (ii) of Deinition 1 therein
(i.e., true in A,,), which are minimal under subsumption partial (because,
for all 3,-formulas  and ¢ with at most one variable zg, B = ¢ = (,
whenever 7(¢) = xg) ordering between canonical sequents under their
identification with their semantically treating disjuncts (cf. [23] for the
definition of the subsumption quasi-ordering between disjuncts), that are
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proved right below to be as follows:

(3.13) F [81']1130, {aj}fvl‘o [Z S an]{j € Nn,}
(3.14) O;xo [8j]3§‘0 [an > <]i e N, _
(3.15) Om,, 0, Om,, ~xo b n > 3 is even.

PRrOOF. Consider any k € n. First, we prove that (3.15) is true in A,
under [zg/k], by contradiction. For suppose it is not true in .4,, under
[zo/k], in which case k > m,, < (n—1—k),andsok & N,,— Z (n—1—k).
Then, (n —1 —k) € N, 3 k, in which case (n — 1 — k) = k, and so
n = ((2-k)+1) is odd. This contradiction shows that (3.15) is true in
A,. Next, for proving the truth of (3.13) in A, under [z(/k]|, assume
k < (0[+¢]). Then, in case k = 0, we have {8?‘"}~QL”I<: =(Mn-1)#0
[while, otherwise, ~%1k > ~nj > ~®m, > m, > (0{+j}), in which
case {8?‘"}~9Lnkr # 0], and so (3.13) is true in A,,. Likewise, for proving
the truth of (3.14) in A, under [z¢/k], assume k < (0[+j]) < 4, in which
case 8?’% = 0, and so (3.14) is true in A,. In particular, any minimal
canonical sequent true in A, is strictly canonical in the sense that, if
the left/right side of it contains (9;[~]zo)/({0;}[~]zo), where i € N,,_,
then this does not contain ({0;}[~]zo)/(0;[~]xo), where j € N,_ {and
j >/ < i}, respectively. On the other hand, those of strictly canonical
sequents, which are subsumed by neither (3.13) nor (3.14) nor (3.15),
subsume either of the following sequents, each of which is proved not true
in A,,, and so is each of the former ones:
1. o, ~T( F.
This is not true in A, under [z/1].

2. [9i]~mzo F {9j}~1""x0, where m € 2 [and i € N,_] {as well as
Jj € Np_}.
This is not true in A,, under [zg/(~%")"(n — 1)].

3. 0;xg, 0j~xq I, where 7, j € N,_, while n is odd,
in which case N,,— # @, and so n > 3, while (n—1) < n is even, and
sol 221 cpn Then, i <!> jand ~* [ = [, in which case the

2
sequent under consideration is not true in 4,, under [z(/1].

4. [Oilwo, {0;}~ao B ((90)|(9y~w0)), where (2[7)[,il{,j} € Nn- [and
i <] {as well as j < 3},
in which case 0 < (2y) < my, and so (0{+;}|0[+i]) < m, <
~Bam,, <~ (2]y). In this way, the sequent under consideration
is not true in A, under [x9/(z|]~%"7)]. [{In particular, when taking
(¢]7) = M, in case (i|j) # my,, we see that 0;xg, 0;~x¢ - is not true
in A,.}]
Finally, by (4), we eventually conclude that both (3.13) and (3.14) and
(3.15) has no proper (viz., non-equal) subsequent [under inclusion of the
images (viz., contents) of the left and right sides pairwise] true in A,,
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in which case it, being strictly canonical, is minimal under subsumption
among strictly canonical sequents true in A,,, because, for any ¥,,-formula
¢ with at most one variable g and any strictly canonical sequent &,
» = x9, whenever ®[xy/¢p| is equal to either of the three sequents under
consideration, and so among canonical sequents true in A,,. =

Likewise, in case n > 3, it suffices to take solely context-free sequent
axioms in the items (iii-iv) of Definition 1 of [17] that are clearly as follows

(where i € Np,_):

(3.16) F(0)T
(3.17) (00)~
(3.18) F(0;)~L
(3.19) (9L F

Further, the only (3, X, )-type[s], not being J,-complex, is [resp., are]
(~) [as well as both (9;) and 0;(~), where i € N,_]. Then, we have
the following X,-sequential $y,-table 7 = (A7, p7) of rank (0,0) for A,
yielding the rules in the item (v) of Definition 1 of [17], constituting
collectively with both the axioms (3.13), (3.14), (3.15) [as well as (3.16),
(3.17), (3.18) and (3.19), whenever n > 3] and structural rules but Cut
and Contraction the resulting Cut-free Gentzen-style axiomatization 8,
of C,, with admissible Cut and Contraction. First, for all 2 € N,,_, (9?[" €
hom (2, [, A2 [ ). Moreover, D is a prime filter of 2,,, while the
identities (2.1), (2.2) and (2.3) are true in the Kleene lattice (U, [¥X~) =
Ry, Therefore, [for all i € N,,_] one can naturally choose:

AT ([0i)(N)) £ {[0i]z0, [0)1 F},

AT ([0i]~(V)) = {[9i]~o, [Bi]~a1 Y,
A7 ([0i)(V)) = {[Bi)zo F, [Di]21 F},

AT ([0i]~(N)) 2 {[0i]~wo b+, 0]~y
pr([8i)(V)) £ {F [9i]zo, [0i]21},

pr([0:)~(N)) £ {F [0i]~xo, [i]~a },
pr([0:)(N) = {F [9i]zo, = [9]1},

PT([a]N(V)) 2 {F [0i)~xo, b [Di]~a1 ),
AT ([0~ (~)) = {[0)xo -}

pr([0i)~(~)) & {F [9i]z0}.

And what is more, for all i € N,,_, we have (img 83[“) C A,.2, while
0?‘“[ = [, for all I € A,.2, and so, by the ~-negativity of A,.2, one can
choose, for all : € N,,_:

A7 (0:(8,)) = {0 F},
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p1(9:(0,)) £ {F 0,0},
A7 ([0:]~(8,)) £ {F Do},
p1([0:]~(0,)) = {0 -}

Likewise, in case n > 4, for all j € N,, we have (k =1) & (V]Q-["k =1),
for all k£ € n, and so one can choose:

AT ([~(V5) & A{[~zo
pr([~(V5)) £ {F [~ao}.
Finally, in that case, for all m € 2, we have 8?[“ (Nm“)mv;%k‘ = 0 iff either

(~¥)ME = 0 or both (~#)=™k £ 0 and (n — 1—-)™j < i, and so one
can eventually choose:

AT (i~ (V) & ({~"xo H i < (n—1=)"j}

U {Nm{L'() - Nlimwo}),
pr("(V;) £ ({F ~"an}

U {~Ma0 F i < (n—1-)"5)).

It is remarkable that, in case n = 3, the resulting sequent calculus §,, is
the exactly already-known (due to [17]) one resulted from that discovered
in [11] for Belnap’s four-valued logic By [3] by adding the Excluded Middle
Law sequent axiom (3.13) alone — F xg, ~x¢, for N, = &, in that case.

Finally, in case n > 4, by (3.2), we see that {Joxo S Oox1} is an
equational implication for A,,. On the other hand, by Remark 1 of [18§],
Ajs has an equational implication. In this way, taking the fourth sentence
of the last paragraph of Subsubsection 3.1.1 into account, we conclude
that A, has an equational implication (that is, the sequent calculus 8,
resulted from the constructed one 8, by adding Cut and Contraction
is algebraizable; cf. Theorems 10 and 13 of [18]) iff n # 4, in which
case, in view of (16) of [18], the sequent calculus S, is equivalent to the
quasivariety generated by 2, in the sense of [13]. On the other hand, by
Lemma 5 of [18], the constructed calculus §,, as such is not algebraizable.
And what is more, by Theorem 7 of [18] as well as Lemmas 3.2 of [17] and
3.1, C3 = LP is not algebraizable, for K} £ {(2,2),(1,2),(1,0),(0,0)}
forms a subalgebra of 232, while (m;[K}) € hom3(A2[K}, As.) is not
injective, in which case A% [ K} is not simple. Thus, taking third part of
the third sentence of the last paragraph of Subsubsection 3.1.1 and the
seventh sentence of Subsubsection 3.1.2 into account, we see that C,, is
algebraizable iff n > 4, in which case it is equivalent to the quasivariety
generated by 2,, and so to §,, in the sense of [13].

3.3. Hilbert-style calculi. First of all, let us summarize how the
universal approach developed in [21] is applicable to C,, when n >
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(2/4), in which case A, is V-disjunctive|“D-implicative (cf. Subsub-
section 3.1.2)”, upon the basis of Lemma 3.1 and Subsection 3.2. Let
A be the finite set of ¥,-sequents (3.13), (3.14) and (3.15) [as well as
(3.16), (3.17), (3.18) and (3.19), whenever n > 3] collectively with the
following supplementary ones: for each J,-complex (3, X, )-type ¢(F),
where F' € ((X, \ {V}|X,)) of arity [ > 0, all sequents resulted from
those in (A/p)r(¢(F')) by adding ¢(F(zo,...,x;—1)) to their right/left
sides, respectively. (Note that, in case ¢ = [0;]~xz¢ and F' = 9,, where
1[,i] € N,—, the resulting sequent is subsumed by (3.13), and so can be
omitted.) Then, let o1 = [2;/7141]icw, in which case we get the finite
set B 2 {((6 0 (Van)) - (B.ao))|(2 F ((W/2)o. 6/, o (0 z0)) | k €
woml=/#1,6¢Fubk beFnd (&) ¢ (4All(A/onlA))
of ¥,,-sequents with non-empty right sides|“ and empty left ones”, and so
eventually get the finite axiomatization H, 1> of C,, resulted from any fi-
nite axiomatization of the (V| D)-fragment of the classical logic by adding
the following ¥,,-rules|-axioms: for each (¢ I ¢) € B, where ¢ € Fmi%n
and 1) € Fm§; , while k,m € w, whereas m # 0| = k, the X,,-rule|-axiom
(img @) — ((V| C©)¥), respectively. And what is more, due to rules aris-
ing from both (A/p)7([0;](A)) and (A/p)7((9i][0:])(V)), where i € N,,_,
as well as those satisfied in the (V| D)-fragment of the classical logic,
some rules of the resulting calculus are then subject to evident equivalent
transformations, tacitly made below.

In this way, a definitive version of 3 is constituted by the following
axioms and rules, where 7,2 € N,,_, j € N,, and m € 2:

[81]:1:0 V {aZ}N:BO

3.20
( ) (8Z)T (82-)~J_ n>3J3
0;)~T V 0;)L Vv
( z) Zo ( z) Zo n>3
Z0 Zo
31-:61 V xo .
—_—— 7 <|?
[6,]x1 V xo [ ]
19, A O, ~x1) V
(O, 1 mn 1) V T n > 3 is even
xo
0~V iy A~ M)V ~Mgy v
GV i1 VT TIVEI 1oy
) O~ le’l V xg
~"x Vo xg &-vajxl V va]‘(lil V g I n> 4
(lemxl V0~V x1) V 2o ~M V oz ~Mx1 Voxg
0;0,21 V o (81331 VAN [&-]w&,xl) V xo
0,z1 V xg Zo
xg V g g (o V 1) V @2 (zo V (71 V 32)) V 23

X0 xo V 11 ($1 \/J?()) V X9 (($0 \/.231) \/$2) V x3
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[8,]($1 AN .’172) V xg [&](:Cl A $2) V xg [al]ajl V xg [8Z]x2 V xg
[8,~}a:1 V xg [82]562 V g [81](.%1 A xg) V xq
(82-901 \Y 31'%2) V g [az]551 V g I

8-(x1 \Y $2) V g [aﬂwwl’l V xg
([0i]~x1 A [0]~x2) V ) ([0i]~x1 V [0]~x2) V )

[82] (931 vV 332) V xg [82] (931 VAN 332) V xg
It is remarkable that, in case n = 3, H is exactly the axiomatization of
C,, = LP found in [11] (cf. Corollary 5.3 therein) under enhancement of
that of By being due to [21].
Likewise, a definitive version of ;) is constituted by (2.7), (2.9), (2.10)
and (2.11) with o = D as well as by both (3.20) and the following axioms,
where 7,2 € N,—, 7 € N, and m € 2:

(9;)~T D o
(0;)L D xo
Oil(zo AN 1) D [0i]Tm

dilzo O ([Oi]z1 D [9i)(wo A 1))

dilzm D [0i](zo V 1)

([0i]z1 D 20) D (([Oilz2 D wo) D ([0:](21 V 22) D m0))
divo D [OJwo [ <]i

Om, 1 D (Om,,~T1 D x0) n is even

[
[
[

~T D (0i~Vjz1 D w0) i<(n—1-)"j
~Mxg D 0;~Vxg i< (n—1=-)"j

~Mzo D (Mg v 0;~V o)

0;~Vxg D ~Mxg

0,x1 D ([05]~0,x1 D )

~Mrg =~V

0;0,x0 = 0,20

[0;]~~z0 = [0i]x0

[0i]~(x0 A 1) = ([05)~zo V [0i]~x1)

[0i]~(x0 V 1) = ([05]~xzo A [0i]~x1)

3.4. Equivalent varieties. In case n = 3, the quasivariety generated
by 2, = K3 and equivalent to §8,, is well-known to be the variety of Kleene
lattices (cf., e.g., Proposition 3.4 of [14]). Here, we mainly explore the
opposite case, when n > 4, in which case both C,, and §, are equiv-

alent to the quuasi-variety QV(2(,,) generated by 2,, and so Corollary
3.24 of [13] yields a finite quasi-equational axiomatization of QV ()
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upon the basis of 3;). However, such an axiomatization would be too
cumbersome as well as far from being algebraically (more specifically,
lattice-theoretically) natural. And what is more, since 2, has a ternary
discriminator, in view of Theorems 1.3, 2.5 (collectively with the com-
ment 4 after it) and 2.6 of [9], QV(2,,) is a variety. On the other hand,
the above axiomatization contains two non-equational quasi-identities be-
cause of the items (i-ii) of Corollary 3.24 of [13], for, in particular, (2.7) is
not an axiom. Nevertheless, we find below equational algebraically natural
finite axiomatizations of QV (2,).

First, by Lemma 3.1 and (3.2), &/, & {0;~*x¢ | i € (m,, + 1),k € 2} is
an equality determinant for A,, with

(321) 37, 4, 0/(n-1)—+ = {0:~z0 | € (ma + 1)}, k= ((0]1)/(1]0)).
/
7’L7.An7’i7+|—7
tively (in case i = (0/(n — 1)), it can be chosen to be (9~ Z0)ie(m,+1);
cf. (3.21)). Then, put 7; 2 (AN(S) 4, iss TV A (M~0 S 4,5, T)), in
which case, by the ~-negativity, A-conjunctivity and V-disjunctivity of
Ao as well as (3.3), Tim” (1) = (n — 1), and so the following identity is
satisfied in ,,:

(322) (\/<Ti>i€n) ~ T.

=/
. . L w o
Given any i € n, take any enumeration S, 4 ; - of respec-

Now, consider any j € n distinct from i. Then, as Q7 is an equality

determinant for A, there is either some ¢ € S, 4 . such that B (4) ¢

DA or some ¢ € /) A, such that 1% (7) € DA, in which case, by the

~-negativity, A-conjunctivity and V-disjunctivity of A,.2 as well as (3.3),
An

7,7 (j) = 0, and so we have:

(n—1) ifm=i,
0 otherwise,

(3.23) 7 (m) = {

for all m € n. In particular, the following identities are satisfied in 2A,,:
(3.24) (inT)~ L n3i#jeEn
(3.25) (A {7 (20))iem, T)) & T (F (20, - Bm-1)),

where F' € (X, \ {V,T}) of arity m € w, k € n™ and k = F¥ (k).
Likewise, by (3.11), (3.12) and (3.23), the following identity is then also
satisfied in ;,:

(3.26) (/\<7‘Z'(£U0) = Ti(xl»ien) é (.%'0 — iL'l).

Next, an n-graded Kleene algebra is any ¥,-algebra, the ¥ gi-reduct of
which is a Kleene algebra and which satisfies the identities (3.22), (3.24),
(3.25), (3.26) and the following additional ones:

(3.27) (o A (2 & 271)) é x1,
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Ti é (l’l D) Ti),

(7 V(7 D)) = T,

the variety of all them being denoted by GKA,,.

(3.28) ien,

THEOREM 3.18. A, is an n-graded Kleene algebra. Conversely, any
[finite] n-graded Kleene algebra is embeddable into a [finite] direct power
of Upn. In particular, GKA, = QV (2,).

PRrROOF. First, (A, [X~01) = Rn,01 is a Kleene algebra. Next, the fact
that 2, satisfies (3.27) is by (3.12). Further, the fact that, for each i € n,
2, satisfies (3.28) is by the fact that (img 7'22[“) C A9, while 0% A,,.9 is
diagonal. Thus, 2,, € GKA,,. Conversely, consider any [finite] B € GKA,,
and any @ € (B?\ Ag), in which case there is some j € 2 such that
a; ;{Q[ a1—j, and so, by the Prime Ideal Theorem for distributive lattices,
there is some prime filter F of B such that a £ a; € F#F b £ a1_; (in
particular, T® € F % L®). Then, by (2.1), (2.2), (2.5), (3.22), (3.24)
and (3.25), ¢ £ {(c,k) € (B xn) | 7°(c) € F} € hom(B,2A,). Let us
prove, by contradiction, that g(a) # g(b). For suppose g(a) = ¢(b), in
which case, for each i € n, (1°(a) € F) < (12(b) € F), and so, by (3.28),

7

(772(a) =2 72(b)) € F. Hence, by (3.26), (a «—® b) € F. Therefore, by
(3.27),b € F, for a € F. This contradiction shows that g(a) # ¢(b). In this
way, H £ hom(B,%2l,,) is a [finite] set, while e : B — nfl d +— (h(d))neq
is an embedding of B into AX, as required. o

Completing this discussion, we specify what is the set %;1 A, i+ Where
i € ((n—=1)\'1), in which case (n —1—14) € ((n— 1)\ 1), and so, by
(3.2), g [{in —1—i}] € {n—1}, while ] 4 ;= (S, \ ) 4, :4)
is then equally specified. Then, if ¢ € N,,_, we have i < m,, in which
case, for all j € N,_, we get j < m, < (n—1—-—my,) < (n—1-1), and
SO %;L,An»iff’ = ({(90%0,80*\4&)} U {8]'370 ‘ JE Np_,7 < Z} @] {aijo | j €
Np-}). Likewise, if (n —1—1) € Ny, then &7, , ;. = ({Gozo, Jo~wo} U
{0j~x0 | j € Np—yj < (n—1—14)} U{0jz0 | j € Np—}). Otherwise, we
have (2-4) = (n — 1) is even (in particular, n is odd), in which case, for
all j € N,—, we get j < %52 =i = (n—1-1), and so A s = S
In this way, taking (3.21) into account, we have a transparent analytical
expression for 7;, making the above finite equational axiomatization of
QV (2,) equally transparent and algebraically natural. Nevertheless, we
present below an alternative finite equational axiomatization of it that
seems to better reflect its algebraic (as well as lattice-theoretic) substance
and does not involve the secondary unary operators 7;.

For every j € (((n—1)\ 1)\ V,,), we have (n — 1 — j) € N, and so the

secondary unary operation V,zg = ~Vp—1-j0.

THEOREM 3.19. QV (2,) is axiomatized by the identities axiomatizing
the variety of Kleene algebras collectively with (3.27) and the following
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additional ones:

(3.29) (xg & x0) = T,

(3.30) (w0 & 1) A (71 © 22)) S (T0 > T2),

(3.31) (o= x1) S o 1) 1€ (Zp\Eu1)
(3.32) (o < 1) S ((xo Ax2) < (T1 A 22)),

(3.33) T ((xg < (xoAx1)) V(21 < (B0 A21))),

(3.34)  ~((zo = L) V(w0 < T)) = (V(zo < Vjri1(T0))jren—-2)),
(335) 1 =~ ((x() — :L’l) A N((L’o — xl)),

(336)  (Vy(w0) o Vi(a0)) £ (@0 > DV (oo T s £,
(3.37) VL~ L

(3.38) V, T~ T,

(3.39) 0l ~ L,

(3.40) T ~T,

(3.41) (Vjzo < Vjrvao) = (~(zo < L) A~(z0 < T)),
(3.42) (~Vjizg = Vip_1-jxo) = (~(z0 < L) A ~(x0 < T)),
(3.43) V,V,z9 = V,x0,

(3.44) (OiVjzo = L)~ (~(xo = T)) = J <4

(3.45) (aivj‘.l‘() — T) ~ (N(.ro — J_)) : ] y( i,

(3.46) (23 = 23) % (M((224% = V28)

N~ (zp = L) A~z < T)))ress
(3.47) (me(j’j/)(xo ANxy) < (ij() A Vj/l’l))
2 (NM~(an & L) A~(ap < T))rea),
where i € Ny—, j,7' € (n—=1)\ 1) and y € N,.

Proor. The fact that 2, satisfies the above identities is immediate,
with using (3.12). Conversely, consider any >,-algebra B satisfying the
identities involved and any @ € (B?\Ap), in which case there is some k € 2
such that ay, ;{m a1_g, and so, by the Prime Ideal Theorem for distributive
lattices, there is some prime filter F of 98 such that a £ a, € F b £ a1_y,
(in particular, T® € F # LP). Then, by the commutativity identity for
A, (2.1), (2.2), (3.27), (3.29), (3.30), (3.31) and (3.32), {(LZ, T®), (a,b)}
is disjoint with 0 2 {(c,d) € B?> | (¢ <% d) € F} € Con(B). Let
g2 ({{e,0) | B2ef 1P U{(e,n—1) | B2ed TPIU{(e,d) | e €
Byi€ ((n—1)\1),e 0 VPe, (e, L®) & 0 F (e, T®)}. Clearly, (imgg) C n,
Moreover, by (2.1), (2.2), (2.3), (2.5), (3.34) and (3.35), (domg) = B.

Further, consider any e € B. Then, as (L%, T®) ¢ 0, by (2.2), (3.34)
and (3.35), g[{e}] is a singleton, unless it is disjoint with A,.o. Other-
wise, consider any any i,j € ((n — 1)\ 1) such that e § V¥e 0 Vj%e.
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Then, by (3.36), ¢ = j. Thus, g : B — n. Moreover, by (3.29),
g((L|T)®) = (L|T)*. Now, consider any e € B, any i € N,_ and
any j € N,. Then, in case g(e) = (0|(n — 1)), that is, e 6 (L|T)®, by
(3.37)[(3.38), we have Vj%e 0 (L|T)®, that is, g(Vj%e) = (0|(n—-1)) =
V?‘“g(e), while, by (2.5)(2.6), we have ~%e 6 (T| L)%, that is, g(~Pe) =
((n —1)|0) = ~™g(e), whereas, by (3.39)|(3.40), we have 9Fe 6 (L|T)%,
that is, g(9Pe) = (0|(n — 1)) = 9" g(e). Otherwise, by (3.43), we have
V?V;’Be 0 Vj%e, and so we get g(Vj%e) =j= V?‘"g(e), while there is
some 7 € ((n — 1)\ 1) such that g(e) = 7 and e 6 V;’Be, in which case,
by the commutativity identity for A, (2.1), (2.3), (2.5), (3.35), (3.41) and
(3.42), we have ~%e 0 N%V;‘Be 0 V?_l_Je 0 V%_l_]w%e, and so we get
g(~%e) = (n — 1 —3) = ~¥g(e), whereas, in case 7 < | £ 4, by (2.1),
(2.3), (2.5), (3.35) and (3.44)|(3.45), we have 9Pe 0 0PV Pe 0 (L|T)%,
and so we get g(0Fe) = (0|(n — 1)) = 9P g(e).
Now, we prove that:

(3.48) (kerg) = 6.

For consider any ¢,d € B. First, assume ¢ 6 d. Then, in case g(c) =
(0|(n — 1)), we have ¢ 6 (L|T)®, and so d 6 (L|T)®, that is, g(d) =
(0|(n — 1)) = g(c), respectively. Otherwise, L= # ¢ # T2, while there
is some j € ((n — 1) \ 1) such that g(¢) = j and ¢ 0 V?c, in which case
1B pd p TZ, while d 6 Vj%d, and so g(d) = j = g(c). Conversely,
assume ¢g(c) = g(d). Then, in case g(c) = g(d) = (0|(n — 1)), we have
c 0 (L|T)® 0 d, respectively. Otherwise, (¢/d) A (L|T)%, while there are
some i,j € Ny, such that g(c|d) = (i|j) and (c|d) € V?@. (c|d), respectively.
In that case, since g(c) = g(d), we have i = j. Then, by (2.3), (2.5),
(3.35) and (3.46), we have d 0 ¢, and so (3.48) does hold.

Furthermore, we prove that ¢ is monotonic with respect to the lattice
partial ordering, that is:

(3.49) (e <P d) = (9(c) < g(d)),

for all ¢,d € B. For consider any ¢,d € B such that ¢ <® d and the
following complementary cases:
* g(c) =0.
Then, g(c) =0 < g(d).
* g(c) #0,
in which case ¢ # L%, and so d # L%, that is, g(d) # 0, for,
otherwise, it would hold that ¢ = (¢ AZd) 0 (¢ A® LB) = 1B,
Consider the following complementary subcases:
= gd) = (n—1).
Then, g(c) < (n— 1) = g(d).
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- g(d) 7& (n - 1)1
in which case d # T, andso ¢ f T2, that is, g(c) # (n—l), for,
otherwise, it would hold that T® = (dV® T®) 0 (d V¥ ¢) = d.
Then, there is some (i|j) € N, such that g(c|d) = (i|j) and
(c|d) 6 Vzu(c\d) respectively. Hence, by (2.1), (2.3), (2.5), (3.35)

and (3.47), we have Vﬁn(”)(c) = Vrﬁn(” (c AB d) 0 (Vi%c AB
Vj%d) 0 (c "B d) = c 6 VPc and so, by (3.36), we get i =
min(i, j), that is, g(c¢) =1 < j = g(d).

Thus, anyway, g(c) < g(d), and so (3.49) holds.

Finally, consider any c,d € B, in which case, by (3.33), we have (c A®
d) 0 (c|d), and so, by (3.48), we get g(c AT d) = g(c|d). Moreover,
(e A d) <® (d|c), in which case, by (3.49), we have g(c A® d) < g(d|c),
and so, by the above equality, we get g(cATd)) = min(g(cA®d), g(d|c)) =
min(g(c|d), g(d|e)) = min(g(c), g(d)) = (g(c) A% g(d)).

In this way, by (2.1) and (2.2), g € hom(*B,%,,). Moreover, by (3.48),
g(a) # g(b). Thus, H £ hom(B,2l,) is a set, while f : B — nfl e s
(h(e))hen is an embedding of B into A7 and so B € QV(A,), as re-
quired. —

However, this finite equational axiomatization of QV (2,,) is not most
intrinsic because of involving secondary unary operators V;, where j €
(((n—=1)\'1)\ NV,). Below, we find that without involving these.

THEOREM 3.20. QV(2,) is aziomatized by the identities axiomatiz-
ing the variety of Kleene algebras collectively with (3.27), (3.29), (3.30),
(3.31), (3.32), (3.33), (3.35), (3.37), (3.38), (3.39), (3.40) as well as both
(3.36), (3.41), (3.44), (3.45), (3.46), (3.47) but with j, 7' € Ny, and (3.42)
but with (n — 1 — j) = j € Ny, and the following additional identities:

(3.50) (N(x() — L)A N(m'o — T)) ~

(V{(zo A ~x0) < Vjrp1 (o)) jetn);
) ((xo > ~xo) = ~(x0 & Vjmo) 1 (n—1) # (2-),
) ~(zo < T) = ((Vjzo A ~Vjzg) < Vjzo),
) V;V,z0 = Vo,
) 8i(l‘o \Y Najo) =T,
) (vma:c(j,j) (xo V1) < (Vjizo V V,21))
2 (N~ < L) A~k < T))ren),

where © € Np— and j, 7 € N,,.

ProoOF. The fact that 2, satisfies the above identities is immediate,
with using (3.12). Conversely, consider any >,-algebra B satisfying the

identities involved and any @ € (B%\Ap), in which case there is some k € 2
such that ay, ;{m a1_g, and so, by the Prime Ideal Theorem for distributive
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lattices, there is some prime filter F of B8 such that a £ a, € F b £ a1_y,
(in particular, T® € F # LP). Then, by the commutativity identity for
A, (2.1), (2.2), (3.27), (3.29), (3.30), (3.31) and (3.32), {(LZ, T®), (a,b)}
is disjoint with @ 2 {(c,d) € B?> | (¢ <% d) € F} € Con(B). Let
g= {{e,0) | B3ef LBYu{{e,n—1) | B2ed T2 U{le, (n —1-)3) |
e € Bym € 2,i € Ny, (~®)me 0 (e A® ~Be) 0 VP, (e, LT) & 0
(e, T®)}. Clearly, (imgg) C n, Moreover, by (2.1), (2.2), (2.3), (2.5),
(3.33), (3.35) and (3.50), (dom g) = B. Next, consider any e € B. Then,
as (LB, T®) & 0, by (3.35) and (3.50), g[{e}] is a singleton, unless it is
disjoint with A,.2. Otherwise, consider any [,m € 2 and any i,j € Ny
such that (~T)le 6 (~®)me § (e A ~Be) § VPe 0 V?e. Then, by (3.36),
i = j. Therefore, (n — 1-)li = (n — 1—)™j, whenever m = [. Otherwise,
~Be 0 e, in which case, by (3.35) and (3.51), (n — 1) = (2-4) = (2 j),
and so (n —1-)4 =4 =j = (n—1-)™j. Thus, g : B — n. Moreover, by
(3:29), g((LIT)®) = (0[(n — 1)) = (L|T)*.

Further, consider any e € B, any ¢ € N,_ and any j € N,. Then,
in case g(e) = (0|(n — 1)), that is, e 6 (L|T)%, by (3.37)[(3.38), we
have V;-Be 0 (L|T)®, and so g(Vj%e) = (0|(n—-1)) = V?["g(e), while,
by (2.5)](2.6), we have ~Te 6 (T| L)%, and so g(~Pe) = ((n — 1)|0) =
~%ng(e), whereas, by (3.39)[(3.40), we have 9Fe 6 (L|T)®, and so g(97e)
= (0|(n — 1)) = 8% g(e). Otherwise, by (2.1), (2.3), (2.5), (3.35), (3.52)
and (3.53), we have V?Vj%e 0 Vj%e 0 (Vj%e AB N%Vj%e), and so we get
g(Vj%e) =j= V?‘”g(e), while there are some m € 2 and some 7 € N,
such that g(e) = (n — 1-)™j and (~%F)"e 0 (e A® ~%e) 0 V]%e, in which
case, by the commutativity identity for A, (2.1), (2.3), (2.5), (3.35) and
(3.41), we have (~T)1=mBe § (~Be AT ~BBe) 0 V?N%e, and so
we get g(~%e) = (n — 1-)1""y = ~%g(e), whereas, in case m = 1,
by the commutativity identity for A, (2.1), (2.3) and (3.54), we have
9Be 0 0P (e VB ~Pe) = T2 and so we get g(9Pe) = (n — 1) = 9" g(e),
and, in case m = 0 and j < | £ 4, by (2.1), (2.3), (2.5), (3.35) and
(3.44)|(3.45), we have 9% 0 8?VJ%6 0 (L|T)®, and so we get g(0Fe) =
(0](n — 1)) = 9g ).

Furthermore, we prove that:

(3.56) (ker g) = 6.

For consider any ¢,d € B. First, assume ¢ 6 d. Then, in case g(c) =
(0|(n — 1)), we have ¢ 6 (L|T)®, and so d 0 (L|T)®, that is, g(d) =
(0|(n—1)) = g(c), respectively. Otherwise, L= # ¢ # TP, while there are
some m € 2 and some j € N, such that g(c) = (n—1-)"j and (~%)™c 0
(e NB~Bc) 0 Vj%c, in which case L f#d A TP, while (~®)"d 6 (d A
~Bd) 0 Vj%d, and so g(d) = (n — 1=)"j = g(c). Conversely, assume
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g(c) = g(d). Then, in case g(c) = g(d) = (0|(n — 1)), we have ¢ 0
(L|T)® 0 d, respectively. Otherwise, (c/d) £ (L|T)®, while there are
some I, m € 2 and some i, j € N, such that g(c|d) = (n — 1—)™(i|j) and
(~B)m(c|d) 6 V?j(c\d), respectively. In that case, since (n — 1-)l =
(n —1—=)"j, we have i = j, if | = m, while, otherwise, as (i|j) € Ny, we
have (i|7) < (n—1—1)[(n—1—4)) = (j|i), and so get i = j = (n—1—1).
Then, in case max(l —m,m — ) = (0[+1]), by (2.1), (2.3), (2.5), (3.35)
and (3.46) [as well as (3.42)], we have d 0 [~%]c[f ] [for (~F)lc =
~B(~B)le § ~BVEC O VEc O (~P)le], and so (3.56) does hold.

Now, we are in a position to prove that g is monotonic with respect to
the lattice partial ordering, that is:

(3.57) (c <®d) = (9(c) < g(d)),

for all ¢,d € B. For consider any ¢,d € B such that ¢ <® d and the
following complementary cases:
* g(c) =0.
Then, g(c) =0 < g(d).
* g(c) #0,
in which case ¢ # L%, and so d # L%, that is, g(d) # 0, for,
otherwise, it would hold that ¢ = (¢ AZd) 0 (¢ A® LB) = 1B,
Consider the following complementary subcases:

— g(d) = (n—1).
Then, g(c) < (n — 1) = g(d).
— g(d) # (n—1),

in which case d # T2, andso ¢ # T®, that is, g(c) # (n—1), for,
otherwise, it would hold that T® = (d V® T®) 0 (d V® ¢) = d.
Then, there are some (I/m) € 2 and some (i|j) € N,, such that
gleld) = (n—1-)Im(il) and (~)!™ (c|d) 0 (((cld) AB~(cld)) 0
Vi%(dd), respectively. Consider the following complementary
subsubcases:
x* [ =0.
Consider the following complementary subsubsubcases:
-m = 1.
Then, as ¢,7 € N, 3 l,, and so @ < [, = 7, we have
g(c) =i < Iy < (n—1— 1) < (n—1— ) = g(d).
-m =0.
Then, by (2.1), (2.3), (2.5), (3.35) and (3.47), we have
V(i) (©) = Vi (€A®d) 0 (VPAPVP) 0 (cA®
d) = ¢ 6 V¥c, and so, by (3.36), we get i = min(i, j),
that is, g(c) =i < j = g(d).
x [ =1.
Consider the following complementary subsubsubcases:
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-m =0.

Then, by the commutativity identity for A, (2.1) and

(2.2), we have ¢ 0 (c vV ~%c), in which case, by (2.4),

we get d 0 (d AP ~Zd) = ((d AP ~Bd) AT (cV ~%c)) 0

(dA®c) = ¢, and so, by (3.56), we eventually get g(c) =

g(d) < g(d).

-m=1.
Then, by (2.1), (2.2), (2.3), (2.5), (3.35) and (3.47)/
(3.55), we have Vo, /o060 (€/d) = Vi ma i)
(c(A/V)®d) 0 (VPe(A/V)PVFA) 0 (~Pe(A/V)P~d)
= ~B(c(V/N)Bd) = ~B(d/c) 0 Vj%}i(d/c), respectively,
in which case, applying V? to the first equivalence, by
(3.53), we get V?c 0 V?d, and so, combining this with
the second equivalence, by (3.36), we eventually get i =
max(i, j), that is, g(¢) = (n—1—1) < (n—1—73) = g(d).
Thus, anyway, g(c) < g(d), and so (3.57) holds.

Finally, consider any ¢,d € B, in which case, by (3.33), we have (¢ AT
d) 0 (c|d), and so, by (3.56), we get g(c A® d) = g(c|d). Moreover,
(c A d) <P (d|c), in which case, by (3.57), we have g(c A® d) < g(d|c),
and so, by the above equality, we get g(cAZd)) = min(g(cAPd), g(d|c)) =
min(g(c|d), g(d|c)) = min(g(c), g(d)) = (g(c) A** g(d)).

In this way, by (2.1) and (2.2), g € hom(B,2l,). Moreover, by (3.56),
g(a) # g(b). Thus, H £ hom(B,2,) is a set, while f : B — n'l e
(h(e))her is an embedding of B into A, and so B € QV(,), as re-
quired. 4

Though the above finite equational axiomatizations essentially rely up-
on either tabular — (3.25) — or congruence — (3.29), (3.30), (3.31) and
(3.32) — identities for the secondary equivalence connective «, below
we find that not involving these. On the other hand, just to unify and
abbreviate further notations, we use the secondary unary connectives Jy
and 7y alone as well as either of the secondary binary connectives < or

—

THEOREM 3.21. QV (2,) is axiomatized by the identities axiomatizing
the variety of Kleene algebras collectively with both (3.39), (3.40) and

(3.54) but with i € (my, + 1) and the following additional identities:
(3.58) (61'le‘0 VAN NTO(NZBO)) ~1l: j<i,

(359) (8Z~Vj:c0 V T()) ~T: 1<y,

(3.60) To(N.%‘o) é 8Z'le‘0,

(3.61) @'ij'wo é NT()(N@'()),

(3.62) 70 & 0i~V jxo,
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) iVjzo S ~T0,
) 0i~V jro £ ~7o(~o),
) 0o S Oiy = 1 <1,
3.66) 81-(3;0 AN $1) ~ (81'1’0 A 8,~a;1),
) 81(:50 \Y 1‘1) ~ (all’o \% al'l‘l),
) i~ o0 ~ ~F 0,1,
) (82x0 A ~8Z-ac0) ~ 1,
370)  (Owazo A O ~ao) L (2 (mn+ 1)) % (n— 1),

where k € 2, i € (mp, + 1), 1 € N and j € Ny, as well as either (3.27)
or

(3.71) (o A ~z1) A (20 =5 21)) S T1-

PrOOF. First, the fact that 2, satisfies the above identities but the
seventh and last two ones [including the first six ones| is immediate, using
(3.1) with ¢ € (my + 1) [and (3.23)], (3.64) being due to both (3.23)
and the fact that ¢ < (n — 1 — j), where i € (m,, + 1) and j € N, for,
otherwise, since (j|i) < (I/m), and m, € N,— C N, > [,, we would
have [, < n—1-1,) < (n—1—-j) < i < my < l,, in which case
we would get m,, = I, = (n — 1 —1[,), and so would eventually get
my < (n—1—my) =my.

Next, consider any 4,2 € n. Then, in case either (n —1 —1) < 2 or
i <1, (kg A ~xq) g o1 is true in A, under [zo/7, 21 /7], and so is (3.71).
Otherwise, (m, + 1) 2 ¢ < i, in which case 9% = (n — 1) # 0 = 9%,
and so, by (3.11), (i =2 1) < (925 =% 9%n9) = 0 (in particular, (3.71)
is true in A, under [zo/7,z1/7]). Thus, (3.71) is true in 2,,.

Finally, we prove (3.70) by contradiction. For suppose (2 - (m, + 1)) #
(n — 1) but (3.70) is not true in A, under some [xo/:], where ¢ € n, in
which case both m,, < and m, < (n —1—1), and so both (m, +1) <2
and (m, +1) < (n —1 —1). Then, (m, +1) <7 = min(z,n — 1 —1) <
max(z,n —1—1) =(n—1—7) < (n—2—my). Therefore, if m,, + 1 was
not equal to n — 2 — m,,, then it would belong to IV,,_, in which case it
would be lesser or equal to m,, and so 1 would be lesser or equal to 0.
Hence, (my, +1) = (n —2 — m,,), in which case (2- (m, +1)) = (n — 1),
and so this contradiction shows that (3.70) is true in 2.

Conversely, consider any X,,-algebra B satisfying the identities involved
and any a € (B?\ Ap), in which case by = (ag V> a1) £® by £ (ag A®
a1) <® by, and so by # by. Then, by Proposition 3.4 of [14], there is some
h € hom(B[X., R3) such that h(by) # h(b1), in which case h(b1) < h(bo),
while

(3.72) h(dV® ~®d) € {1,2},
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for all d € B, whereas, since {1,2} is a prime filter of &3, ¥ = h~![{1,2}]
is that of B. Consider the following complementary cases:
e h(by) =0,
in which case h(bg) # h(b1) =0, and so by € F & b;.
e h(by) #0,
in which case, as h(b1) < h(by), we have both h(b;) =1 and h(by) =
2, and so we get both h(~%b;) = 1 and h(~%by) = 0. Then, ~Tb; €
F % ~Pb.
Thus, in any case, there is some k € 2 such that ¢g 2 (~T)*b, € F &
c1 2 (~®)kb,_g. In particular, @ # F # B, in which case T2 € F % L2,
and so

(3.73) (deF) e (~PdgF),

for alld € b®. Let R £ {(d, (k,l)) € (Bx (2x (I,+1))) | (O (~®)1"Fd €
F,¥m € (my+1) : (02(~B)kd € F) & (m <)} and g = {(d, (n — 1-)FI)
| (d,(k,1)) € R}. Clearly, (imgg) C n and (domg) C B
Conversely, consider any d € B. Given any k € 2, set M(d) £ {m €
(my, +1) | 0B (~®)kd ¢ F}, then putting M(d) £ (Mo(d) U M;(d)), in
which case, by (3.54) and (3.67), (My(d) N M;(d)) = @, while, by (3.65),
(my, € Mi(d)) & (Mg(d) # @), and so either My(d) or M;(d) is empty.
Consider the following complementary cases:
o M(d) £ 2,
in which case there is a unique k£ € 2 such that My(d) # @ =
My _1(d), and so | £ min(My(d)) € My(d) C (m, +1) C (I, + 1),
for m,, € N, C N,. Then, for any m € (m,, + 1), m > [, whenever
m € My(d), while, as | € My(d), by (3.65), m < [, otherwise. In this
way, since M;_(d) = &, (d, (k1)) € R.
o M(d) =2,
in which case m,, ¢ M(d), and so, by (3.70), (2- (m,,+1)) = (n—1).
Then, n is odd, in which case n — 1 is even, and so [ £ %1 =1,
while m,, < I, and so m < I, for all m € (m,, +1), whereas k = 0 € 2.
In this way, (d, (k,l)) € R.
Thus, anyway, (d, (k(d),¢(d))) € R, where k(d) £ (1 — max{k € 2 |
Mj(d) = @}) and

”Tfl otherwise,

o) 2 {min My if M(d) # 2,
in which case (d, (n — 1-)¥4¢(d)) € g, and so d € ((dom g) N (dom R))
(in particular, (domg) = B = (dom R) = dom(R o m;)). Now, consider

2From now on, the fact that "T’l € n is supposed to subsume tacitly/implicitly the
fact that n is odd.
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any k € 22 and any [ € (I, +1)? such that, for every 5 € 2, (d, (k,,1,)) € R,
and the following complementary cases:
o ky=ky.
Let us prove, by contradiction, that Iy = [;. For suppose lop # 11, in
which case [, < I, for some y € 2, and so l] <m=(h =) <l
And what is more, (2-m) = (2 (L—; — 1)) = ((2-lL-,) —2) <
(n=1)—2)=(Mn—-3)<(n—1),in which case m € (my, + 1), and
s0 02 (~BYad ¢ T 5 0B (~P)*1-1d. This contradicts to the fact that
k:o = k:l. Thus, lo = ll, and so (n — 1—)k0l0 = (n — 1—)k1l1.
o ko # ki,
in which case {ko,k1} = 2, and so {1 — ko,1 — k1} = 2. Then,
M,(d) = @ # my, for all j € 2, in which case, by (3.70), (m, + 1) =
”T_l = l,, and so my, <, < I, that is, lp = l,, = 1 (in particular,
(n —1=)kly =1, = (n — 1-)*1y).

In this Way, g : B — n, in which case g(d) = (n — 1— )k(d)ﬁ(d), while
(Rom): B — (Ip+ 1), in which case (Rom)(d) = £(d). Moreover, by
(2.5), (2-6) (3.39) and (3.40), Mo/1(L®[T®) = (((mn + 1)|2)/(2(mn +

+1
1))), in which case k(LZ|T®) = (0[1), while £(LB|T®) = 0, and so
(J_%|T%) (O[(n—1)) = (J_QI”|T9[”) Likewise, by (2.1), MO/I(N d) =
M, o(d), in which case ((~®Bd) = ((d), while k(~®d) = 0 = k(d), if
M(~®d) = M(d) = @, whereas k(~Pd) = (1 — k(d)), otherwise, and so
g(~Bd) = ~ng(d), for (n —1 — g(d)) = g(d), whenever g(d) = ”51.
Next, consider any i € N,,_. Then, by (3.68) and (3.69), we have

(3.74) (m € Mop1)(0%d) & (i € ([(mn + 1)\]Mo(d)),
for all m € (m, + 1). Consider the following complementary cases:
. M()(d) = .

Then, by (3.74), we have My (0°d) = (&/(m, + 1)), in which
case we get k(92d) = 1, while ¢(9®d) = min(m,, + 1) = 0, and so
g(0®¢) = (n — 1). Consider the following complementary subcases:
— M,y (d) = .
Then, M(d) = @, in which case g(d) = £(d) = 251, and so
i < my < g(d), for m, € Ny_.
- Mi(d) # 2.
Then, k(d) = 1, ¢(d) € (I, +1) and g(d) = (n — 1 — £(d)).
Consider the following complementary subsubcases:
* My, = I,
in which case ¢(d) < my, and so i < m, < (n —1 —m,) <
g(d), for m,, € N,_.
* My F
in which case m,, < [, for m,, < l,,, because N,,_ C N,,, and
s0, as £(d) <l € Ny, i <my, <l < (n—1-—1,) < g(d).
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Thus, anyway, i < g(d), and so 8?”g(d) =(n-1)= g((‘)i%d).

. M()(Cl) #+ .
Then, k(d) = 0, in which case g(d) = ¢(d), and so, by (3.1), we have
(i € | & Mo(d))  (9(d) < | > i) & (92g(d) = (0](n — 1))). Hence,
by (3.74), providing 97" g(d) = (0|(n — 1)), we get My, (92d) =
(((mn, + 1)|@)/(2](my, + 1))), in which case k(9Fd) = (0|1), while
0(92d) = min(m, + 1) = 0, and so g(8Bd) = (0|(n — 1)) = > g(d).

Further, consider any j € N,, and the following complementary cases:

e for each k € 2, 7P ((~%F)kad) ¢ F,
in which case, by (2.1), (3.54), (3.67), (3.69) and (3.73), My(d) #
(my, 4+ 1), and so g(d) # (n — 1-)¥0, for, otherwise, we would have
k(d) = k, because (2- (n—1)) £ (n— 1), as n £ 1, in which case we
would get £(d) = 0, and so would eventually get My (d) = (m, + 1),
since m < 0, for nom € (my,+1). In particular, V]Q-[“g(d) = j. Then,
by (3.58), (3.59), (3.64), (3.69) and (3.73), we have 9y ~PVPd € F
and, for all m € (m, + 1), (@ij%d € ¥) & (m < j), in which case
g(VPd) = j = Ving(d).

e for some k € 2, 70 ((~%)kd) € F,
in which case, by (2.1), (3.54), (3.67), (3.69) and (3.73), M};_,(d) =
([@N](my,, + 1)), and so k(d) = k and ¢(d) = 0, in which case g(d ) =
(n —1-)%0, and so V3" g(d) = (n — 1-)F0. Then, by (3.60), (3.61),
(3.62), (3.63), (3.69) and (3.73), we have M{y_1,(VPd) = ([&@N](my+
1)), in which case ]k(Vj%d) = k and Z(Vj%d) = 0, and so g(V;‘-Bd) =
(n—1-)k0 = Vi"g(d).

Furthermore, consider also any e € B and the following complementary

cases:

e there is some k € 2 such that both of (d|e, (k, ¢(d|e))) € R hold.
Consider the following complementary subcases:

Ny —
in which case 05 ~®d € F, and so, by (2.3) and (3.67), we have
08 ~B(dA®e) € F. Then, for each m € (m, + 1), (92 (dle) €
F) < (m < {(d|e)), in which case, by (3.66), (02 (dAPe) € F) &
(02d € F)&(0Be € F)) = ((m < Ld)&(m < £(e))) & ((m +
1) < L(d)&((m + 1) < L£(e))) < ((m +1) < min(€(d), £(e))) <
(m < min(¢(d),£(e))), and so (d A® e, (0,min(¢(d),£(e)))) € R.
In this way, g(d AP e) = min(¢(d), ¢(e)) = min(g(d), g(e)).

— k=1,
in Which case 02 (dle) € F, and so, by (3.66), 9° (dAPe) € F.
Then, for each m € (m, +1), (02~%(dle) € F) < (m < £(d|e)),
in which case, by (2.3) and (3.67), (92~P(d AP e) ¢ F) &
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(Om~Pd & F)&(OR~Pe ¢ F)) & ((m > (d))&(m > ((e))) &
(m > max(¢(d), £(e))), and so (d A% e, (1, max({(d), {(e)))) € R.
In this way, g(d AT e) = (n — 1 —max(¢(d),£(e))) = min(n — 1 —
((d),n — 1 - €(e)) = min(g(d), g(c)).
e there is some f € {d,e}? such that, for each k € 2, (fx, (k,£(fr))) &
R,
in which case (fx, (1 — k,£(fx))) € R, and so fo # f1 (in particular,
(img f) = {d,e}). Then, g(f1) = £(f1) < ln < (n—1—-1y) <
(n—1—=2(fo)) = g(fo).- And what is more, 8;‘2n~%f1 € F, in which
case, by (2.3) and (3.67), 95 ~®(fo A® f1) € F, while 05 fo € F,
whereas, for each m € (m, + 1), (02f1 € F) < (m < £(f1)), in
which case, by (3.65) and (3.66), (X (fo A® f1) € F) & (02f1 €
F) < (m < £(f1)), and so (fo A® f1,(0,£(f1))) € R. In this way,
G AB ) = g(fo A% f1) = (1) = g(f1) = minlg(fo),g(f1)) =
min(g(d), g(c)).

Thus, anyway, g(d A® ) = min(g(d), g(e)) = (g(d) A*" g(e)).

In this way, by (2.1) and (2.2), g € H = hom(8,2L,,).

Finally, we prove, by contradiction, that g(ag) # g(a1). For suppose
g(ap) = g(a1), in which case, as g € H, g(bo) = max(g(ao),g(a1)) =
min(g(ao), g(a1)) = g(b1), and so g(co) = (n — 1—=)*g(b) = (n — 1-)*g(
bi_k) = g(c1). Consider any k, k" € 2 and any m € (my + 1). Assume
OB(~BYec,, ¢ F. Then, k(cp) = k, in which case £(cj) < m, and so
k(ci—x) = k(cp) = k, for otherwise, we would have m,, > m > l(cp) =
(n— 19))g() = (n— 1 — (n— 1-)5 ) gler ) = (0 — 1
lei—p)) = (n—1—1,) = l,, = my, in which case we would get m,, =, =
(n—1-1,), and so would eventually get m,, < (n—1—m,,) = m,,. Hence,
Uerw) = (n— 1)@ gler_g) = (n— 1)) g(ey) = lew) < m.
Therefore, 95 (~%)kc; 1 ¢ F. Thus, 02 (~P)kcy € Fiff 02 (~F)ke; € T.
In this way, by (3.68), (3.69) and (3.73), (co <% ¢1) € F, Consider the

following exhaustive cases:

e (3.27) is satisfied in B.
Then, by (3.27), we get ¢; € F, for ¢y € F.

e (3.71) is satisfied in B.
Then, as (co «F c1) <® (g =2 ¢1), we have (g =2 ¢1) € T.
Moreover, as ¢; € F, by (3.72), we have ~P¢; € F. Hence, by (3.71),
we get ¢; € F, for ¢g € F.

Thus, in any case, we get ¢; € F. This contradiction shows that g(ag) #
g(az).

In this way, h: B — n',d — (W (d))jcq is an embedding of B into
A1 and so B € QV(,,), as required. o
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Thus, the present subsection provides five essentially different insights
into the equational substance of QV(2l,). In this connection, it is re-
markable that, although different [quasijequational axiomatizations of a
given [quasi|variety are derivable from one another by means of congru-
ence quasi-identities (cf., e.g., [13]) — that is, any [quasi-]identity, being
satisfied in a [quasi|variety, is derivable from any [quasi]equational axiom-
atization of it endowed with congruence quasi-identities, such is not at all
evident immediately for the above equational axiomatizations of QV (2,,).
In this way, these are practically independent from one another and be-
come good test samples for various systems of Automated Deduction in
first-order universal Horn logic with equality (cf., e.g., [22]).

On the other hand, the present study would not be complete without
investigating the four-valued case, especially taking the second part of
the third sentence of the last paragraph of Subsubsection 3.1.1, making
the four-valued case essentially beyond the scopes of the above discussion,
into account.

A quadro-graded Kleene algebra is any Y4-algebra, the X gi-reduct of
which is a Kleene algebra and which satisfies the identities (3.40), (3.66),
(3.68) and (3.69) but with ¢ =2 =1 and k£ = 0 as well as the following
additional identities:

(3.75) ~01wg ~ D1 ~o,
(3.76) (N.%'(] AN 81.%'0) é X0,
the variety of all them being denoted by GKA4.

THEOREM 3.22. Ay € GKA4. Conversely, any [finite] quadro-graded
Kleene algebra is embeddable into a [finite] direct power of 4. In partic-
ular, GKA4 is the quasivariety generated by 2y.

PROOF. The fact that 24 € GKA4 is immediate, with using (3.1) and
(3.9). Conversely, consider any [finite] B € GKA4 and any a € (B?\ Ap),
in which case by = (ag V= a1) 7(% b1 = (ap A® ay) <™ by, and so by # by.
Then, by Proposition 3.4 of [14], there is some e € hom(B[X., &3) such
that e(bo) # e(b1), in which case e(b1) < e(bp), while

(3.77) e(cV® ~®e) € {1,2},

for all ¢ € B, whereas, since {1,2} is a prime filter of f3, F = e~ ![{1,2}]
is that of B. Consider the following complementary cases:
e ¢(b) =0,
in which case e(bg) # e(b1) =0, and so bg € F # b;.
o ¢(b1) #0,
in which case, as e(b1) < e(bg), we have both e(b1) = 1 and e(by) = 2,
and so we get both e(~Pb;) = 1 and e(~%by) = 0. Then, ~%b; €
T % ~Pb.
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Thus, in any case, there is some k& € 2 such that (~®)fb, € F #
(~®)eby_p. In particular, @ # F # B, in which case T? ¢ F # 1%,
and so

(3.78) (cedF) o (~Pcdd),

for all ¢ € b®. Let f £ ((F x {1}) U((B\ F) x {0})) be the characteristic
function of ¥ C Bin B and g : B — 4,d — (f(d) - (1 + (f(0Fd) - (2 —
f(~%d)))). Then, g(L®) = 0 = L. Likewise, by (2.6) and (3.40),
g(T®) =3 = T, Now, consider any ¢ € B and the following exhaustive
cases:
e g(c)=0.
Then, f(c) = 0, in which case, by (3.77)/(2.1), f(~B(~%)%1¢)
(1/0), and so, by (3.76), f(9Zc) = 0. In particular, g(0Fc) =
And what is more, by (3.69), (3.75) and (3.78), f(OF~%c) =
Hence, g(~%¢c) = 3.
e g(c)=1.
Then, f(c) = 1, while f(0F¢) = 0, in which case, by (3.69), (3.75)
and (3.78), f(OFP~%c) = 1, and so, by (2.1) /“and (3.76)”, f(~®
(~B)1/0¢) = 1. Hence, g(92¢c) = 0 and g(~Bc) = 2.
e g(c) =2.

= e

= 1, while f(0Fc) = 1, whereas f(~%c) = 1, in which
8), f(0POTc) = 1, while, by (3.69) and (3.75), f(OF
~Be) = f(~B9Pc) =0, and so g(0Fc) = 3 and g(~Zc) = 1.

Then, f(c) = 1, while f(0F¢c) = 1, whereas f(~%c) = 0, in which
case, by (3.68), f(OFOFc) = 1, while, by (3.69), f(~F0Ec) = 0, and
so g(0Fc) = 3 and g(~%c) = 0.
In this way, g(®c) = Mg(c), for every ! € (84 \ Xy01) = {~ 0},
for Ny_ = {1}. Finally, consider also any d € B. Then, f(c A®d) =
min(f(c), f(d)), while, by (3.66), f(9F(c A® d)) = min(f(P¢), f(9Pd)),
whereas, by (2.3), f(~%(c A® d)) = max(f(~%c), f(~%d)). Therefore,
g((en®d) = (min(f(c), £(d))- (1-+(min( £ (OFc), F(OFd))- (2—max(f(~2c).
f(~®d)))))). Consider the following complementary cases:
e min(f(c), f(d)) = 0.
Then, either of f(c|d) = 0 holds, in which case g(c|d) = 0 < g(d|c),
and so g(c A® d) = 0 = min(g(c), g(d)).
e min(f(c), f(d)) = 1.
Then, both f(c|d) = 1 hold, in which case g(c|d) > 1 < g(c A® d).
Consider the following complementary subcases:
— min(f(9Pe), F(Od)) = 0.
Then, either of f(0F(c/d)) = 0 holds, in which case g(c/d) =
1 < g(d/c), and 50 glc A% d) = 1 = min(g(c), g(d).
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~ min(f(0c), f(OPd)) = 1.
Then, both f(0F(c/d)) = 1 hold, in which case g(c/d) > 2 <
g(c A® d). Consider the following complementary subsubcases:
¢ max(f(~), f(~d)) = 1.
Then, either of f(~%(c||d)) = 1 holds, in which case g(c||d) =
2 < g(dl|c), and so g(c A® d) = 2 = min(g(c), g(d))-
+ max(f(~%c), f(~*d)) = 0.
Then, both f(~%(c||d)) = 0 hold, in which case g(c||d) = 3,
and so g(c A® d) = 3 = min(g(c), g(d)).

Thus, anyway, g(c A d) = min(g(c), g(d)) = (g(c) A™ g(d)).

In this way, by (2.1) and (2.2), H = hom(B,204) > g [is finite]. More-
over, f((w%)kb(l_)k) = (1(—1)), in which case we have g((~%)¥b;_) =
0 # g((~®)*by), and so, as g € H, get (3—)*g(bo) # (3—)*g(b1). Then,
max(g(ao), g(a1)) = g(bo) # g(b1) = min(g(ao),g(a1)), in which case
g(ag) # g(ay), and so h: B — nf d +— (h(d))pep is an embedding of B

into A, as required. =
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